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EXAM in MATHEMATICS 1, THEORETICAL PART
January 27, 2026

All tasks require full justification unless stated otherwise.

1. (10 points) Prove that →ωx ωy
T→F = →ωx→ →ωy→ holds for arbitrary vectors ωx ↑ Rm and ωy ↑ Rn.

2. (5 points) Write an example of a vector subspace of R3↓3 of dimension 4 that contains a matrix



1 2 3
0 1 0
0 0 1


 .

No justification is required.

3. (10 points) Write an example of nonsymmetric matrices A ↑ R2↓2 and B ↑ R3↓3, such that A↔B
has the Frobenious norm at most

↗
5 and exactly two distinct eigenvalues, one with multiplicity

2 and one with multiplicity 4. No justification is required.

A =







B =






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4. (10 points) Let ε,ϑ,ϖ : V ↘ V be linear transformations of an n-dimensional vector space V .

A. Suppose ε2 = ε ≃ ε = 0. Show that im(ε) ⇐ ker(ε).

B. In case V = R4[x], write an example of ϑ which satisfies dim(ker(ϑ)) ⇒ 3 and ϑ
2 = 0. Write

an explicit formula and prove that it satisfies the two desired properties.

5. (15 points) Let A ↑ Rn↓n be a symmetric positive definite matrix and let matrix B ↑ Rn↓n be
invertible. Show that matrix B

T
AB is symmetric positive definite as well.

6. (15 points) For arbitrary b,c ↑ R set M =




4 b 0
b c 0
0 0 2


 ↑ R

3↓3.

A. Write an example of a function f , a point a ↑Df and nonzero b,c ↑ R, such that Hf (a) =M .
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B. Let g : R3 ↘ R be twice continuously differentiable function and let a ↑ Dg be a statio-
nary/critical point of g , such that Hg (a) =M .

B1. In case b ! 0 and c = 0, can a be a local
maximum of g? If yes, write an exam-
ple of such anHg (a). If not, then explain
why not.

B2. In case c ! 0, can a be a local minimum
of g? If yes, write an example of such an
Hg (a). If not, then explain why not.

7. (15 points) Let
D = {(x,y,z) : x ⇒ 0, y ⇑ |x|, 0 ⇒ z ⇒ x

2 + y
2 ⇒ 4} ⇐ R3

.

Sketch the projection of D on x-y plane (z = 0), and express the integral
!

D
(x2 + y

2 + z
2)dxdy dz

in cylindrical coordinates. (Do not evaluate the integral.)
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8. (17 points) Let A be a symmetric positive definite n↓n matrix and let ωb,ωc ↑ Rn. We wish to find
the minimum value of the function f (ωx) = ωx

T
Aωx ⇓ωb T

ωx subject to the constraints →ωx →2 ⇒ 1 and
ωc
T
ωx = 4.

A. Write down the Lagrangian function for this problem.

B. State the Karush–Kuhn–Tucker conditions for this problem.

C. Show that the solution of Karush-Kuhn-Tucker conditions is the same as the solution to the
mentioned problem. (Do not solve either of the two problems.)
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