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Preface

The following pages contain a representative selection of tasks and problems
which appeared at problem sessions, midterms and final (computational) ex-
ams at the course Mathematics 1 for the first year students of master’s study
programme at the Faculty of Computer and Information Science, University of
Ljubljana.

In addition to the two authors, Polona Oblak also contributed many prob-
lems and ideas for problems. Uro$ Kozole helped with suggestions for im-
provements and a thorough inspection of the first typed solutions. The entire
text was reviewed by Polona Oblak and Ziga Virk. Of course, that doesn’t mean
that the solutions in front of you are error-free. If you find errors, please bring
them to the authors’ attention.

Individual tasks in each section are in no specific order. The idea is that
you, the reader, attempt to solve an exercise regardless of its perceived diffi-
culty. Nonetheless, the solution to each problem is linked at the right edge, via
e.g. (solution 3.17), while each solution contains a link back to the problem,
e.g. ...to problem 3.17. While immediate reading of the solutions may seem
tempting, arriving at the solution by yourself is much more rewarding.
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Chapter 1

Linear algebra

1.1 A recollection of basic concepts

Problem 1.1 (solution

Determine the eigenvalues and corresponding eigenvectors of the matrix

0o 2 2
3 1 -3

Problem 1.2 (solution

Determine the eigenvalues and orthonormal bases of corresponding eigenspaces
for the matrix

1 1 1 0
1 0 0 1
H= 1 0 0 -1
01 -1 1

Problem 1.3 (solution

Let A be an n x n matrix. One way to define the exponential of the matrix A is

(we substituted x € R with A in the Taylor series for the function e*).

(a) Prove the identity
det(e?) = ')

(b) Assume A is an asymmetrical matrix, meaning AT = —~A. Show that ¢#

is an orthogonal matrix with determinant equal to 1.

5
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Problem 1.4 (solution

You are given an n X n matrix

0 1 1

10 0
A= : ,

10 0

i.e. the adjacency matrix of a (undirected) star graph.

(a) Determine bases of N(A) and C(A), i.e., , bases of the null space and the
column space of A.

(b) Determine the eigenvalues and eigenvectors of A.
Hint: Why is N(A) an eigenspace of A? Why is N(A)+ the sum of other
eigenspaces of A?

Problem 1.5 (solution

The following is known about a symmetric matrix A € R*4: A has 3 as a double
eigenvalue and it interchanges the vectors

0 1
1 0
vi=1y and v, = ol’
0 1
i.e. Avy =v; and Av, =v;. Find such a matrix A or prove that it does not exist!

1.2 Schur decomposition, Frobenius norm, Eckart-
Young theorem

Problem 1.6 (solution

Determine the Schur decompositions of matrices

6 -1 1

2 -1 0
4 3 1| and B=| O 1 0].
2 2 3 V2 2 2

Problem 1.7 (solution

Let A be an arbitrary matrix and let U and V' be orthogonal matrices, so that
one can form the product UAV. Prove that the following equalities hold:

L [[UA[lp =lAllg,
2. |[AVIle =11Allg,
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3. [UAV|lg = [|Allp-

Problem 1.8 (solution D

Denote by (A, B)p := tr(ATB) the Frobenius inner product of matrices A,B €
R"™", and denote by ||A|| := V(A, A)r the corresponding Frobenius norm. Prove:

1. the Cauchy-Schwarz inequality, |(A, B)g| < ||Allgl|Bll,
2. the triangle inequality, ||A + Bllg < ||Allg + || Bllg,
3. submultiplicativity, ||AB|r < ||Allgl|Bllg,

4. multiplicativity for the Kronecker product, ||A® Bl|g = ||Allgl|B|[g-

Problem 1.9 (solution

Let I be the 2 x 2 identity matrix. Find an orthonormal basis of orthogonal
complement of I, the vector subspace I+ C IR?*2, with respect to the (Frobe-
nius) inner product (A, B)g := tr(ATB).

Problem 1.10 (solution D

Find rank 1 matrices closest (with respect to the Frobenius norm) to the matri-

ces:
b} by

Are those rank 1 matrices unique?

Problem 1.11 (solution D

Let A € R™™ and B € R"™*", Show that the Kronecker sum
A®B:=A®I,+1,®B

has the property: Eigenvalues of A@® B are all possible sums of the form A; + p;,
where A4,..., A, are eigenvalues of A, and p;,..., u, eigenvalues of B.
Use this to find eigenvalues and eigenvectors of A @ B, where

-1 2 1 0
A_[O 3] and B_[2 2}.

Problem 1.12 (solution|1.12)

Let
2 2
A_[Z _1].
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(a) Determine a diagonal matrix D and an orthogonal matrix U such that
A=UDU".

(b) Explain why for an orthogonal matrix U the matrix U® U is also orthog-
onal.

(c) Find matrices of rank 1 and 2 which are best approximations to the Kro-
necker product A® A w.r.t. the Frobenius norm.

Problem 1.13 (solution|1.13|)

You are given matrices

-2 2 -3 2
A_[2 1} amdB_[2 0].

(a) Diagonalize matrices A and B. Write down both corresponding diagonal
and transition matrices.

(b) Let u be an eigenvector of A and v and eigenvector of B. Prove that u®v
is an eigenvector of A® B+ A®I+I1®B. Additionally, find all eigenvalues
of AQ B+A®I+1®B.

(c) Find a rank 1 matrix M, which is closest to the matrix AQ B+ AQI+IQ®B
with respect to the Frobenius norm.

Problem 1.14 (solution D

Find the eigenvalues and corresponding eigenvectors of the matrix A®A+A?®I,
where A is the matrix
-1 3
|

Problem 1.15 (solution D

The objective of this exercise is to express the Sylvester matrix equation AX +
XB = C in the ‘usual’ form (Ax = b) using the vec operator and then solve this
equation.

(a) Verify that the matrix equation AX + XB = C in the unknown matrix X is
equivalent to the linear system

(BT @ A)vec(X) = vec(C)
in the unknown column vec(X).

(b) Let A and B be 2 x 2 matrices

-1 2 1 0
A_[O 3] and B_[Z 2].

Does AX + XB = 0 posses a non-trivial solution? (You need to answer
quickly! Do not attempt to solve the corresponding linear system...)
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(c) Find a matrix X which solves

-2 1
AX+XB—[2 5].

Problem 1.16 (solution|1.16)

Let A € R be a matrix with only nonnegative eigenvalues.

(a) Prove that A is invertible if and only if all of its eigenvalues are (strictly)
positive.

(b) Assume that A is invertible. Prove that all of its eigenvalues are positive
if and only if all of the eigenvalues of A™! are positive.

(c) Assume AT = A. Prove that there exists a matrix S, with only nonnegative
eigenvalues and S2 = A holds. We denote such matrix S as S = VA.

Problem 1.17 (solution i

You are given the matrix

A=

— W
W o W

N W -
[

(a) Check that A is positive semidefinite.

(b) Find all eigenvalues and corresponding eigenvectors of A.

(c) Find VA.

Problem 1.18 (solution D

Find the Cholesky decomposition (A = LLT, where L is lower triangular) of the
matrix
1 2 -1
A=12 8 2
-1 2 6

using (recursive) algorithm below:
Write a symmetric matrix A € R in the block form

Ap:A:r“ bq

b B
and define
\/{111 OT
Li:=| 1 p
W n—1
Then
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Repeat this on the symmetric matrix A, := B— %bbT e RO=1Dx(n=1),

Let Ly, Ls,...,L, be the matrices obtained in repeated steps. The matrix L is

then -
~ 10 I,, 0
L=1, [0 Lz] [ o Ln:|. (1.2)

Problem 1.19 (solution|1.19)

Is any of the matrices

A=

1 -1 5 -4 6 -2
-1 4 -5|and B=(6 -10 5
5 -5 2 -2 5 -14

negative definite? For each negative definite matrix X € {A, B} find the Cholesky
decomposition of —X.
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Vector spaces and linear maps

2.1 Vector spaces

Problem 2.1 (solution

Which subsets of the vector space R"*"—all real n x n matrices—are vector
subspaces? Determine the dimension of those that are.

(a) All matrices, which have 0 as the (1, 2)-entry.
(b) All matrices, which have 1 as the (1,2)-entry.

(c) All matrices with integer entries, i.e., for A = [a;;] we have a;; € Z (for
all indices i, j).

) All upper-triangular matrices.

) All symmetric matrices; A = AT,

) All antisymmetric matrices; A = AT,

) All invertible matrices; the subset GL(n,R) C IR™".

) All matrices with determinant 0, i.e., R"" \ GL(#n, R).

) All nilpotent matrices, i.e., matrices N € R”*" such that N" = 0.

)

All upper-triangular nilpotent matrices. (Hint: Which elements appear
on the diagonal of an upper-triangular nilpotent matrix?)

(k) All matrices with trace 0.

Problem 2.2 (solution

Equip the open interval R* = (0, co) with the operation x &y := xp, and define
a ©x =x% for scalars a € R.

(a) Show that (R*,®,0) is a vector space over R.

(b) Find a basis for (R",®,®) and determine its dimension.

Problem 2.3 (solution

11
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Let F be the set of all Fibonacci sequences, i.e., sequences

(an)c;lozo = (Ll(), ai,ay,.. ')!

where a4y and 4, are arbitrary real numbers, and a,, = a,,_; + a,,_, holds for all
n>2.

(a) Show that F is a vector space under operations
(an) + (bn) = (an + bn) and a(un) = (aay),

where o € R.

(b) Find a basis for F and express the usual Fibbonacci sequence (the one
with ag = a; = 1) in this basis.

Problem 2.4 (solution

Let N be the matrix
o]0 o
11 ol

Show that the set of all real 2 x 2 matrices which commute with N, i.e.,
U={AecR>?:AN = NA},

is a vector subspace in R>*. Find a basis for U and determine its dimension!

Problem 2.5 (solution

(a) Istheset Uy ={p(x)=ax+b:a=0,a,beR}a vector subspace in the vec-
tor space of polynomials Ry [x]?

(b) Is the set U, = {p(x): p(0) = 0} a vector subspace in the vector space of
polynomials R,[x]?

(c) Is the set Us = {p(x): p(0) =1} a vector subspace in the vector space of
polynomials R, [x]?

(d) Istheset Uy ={p(x):p”(3) =0} a vector subspace in the vector space of
polynomials R, [x]?

Problem 2.6 (solution

Let A be the matrix

Define subsets
V:i={XeR?™ :XA+AX =0} and W :={X e R"?: XAX = X}.

of the vector space IR?*2, Which of these subsets are vector subspaces of R**??
Why/why not? For each subset that is a vector space find its basis and deter-
mine its dimension.



CHAPTER 2. VECTOR SPACES AND LINEAR MAPS 13

Problem 2.7

For a polynomial p(x) = ax? + bx? + cx + d and a square matrix A denote p(A) =
aA3+bA% + cA+dl. Let A € R?*? be the matrix

Let U C Rj[x] be the subset of those polynomials (of degree at most 3), for
which p(A) = 0 (the zero matrix).

(a) Show that U is a vector subspace of R3[x].

(b) Find a basis for U and determine dim U.
(Hint: If A4(x) is the characteristic polynomial of A, then A4(A) =0.)

(c) Let g(x) = x(x? — 2x — 3). Is the set of all 2 x 2 matrices X, for which
q(X) = 0 holds, a vector subspace of R**?? Justify your answer!

Problem 2.8 (solution

Let R[x] be the set of all polynomials in the indeterminate x. (Hence, R[x] con-
tains polynomials of arbitrary degrees!) Show that IR[x] is a vector space for the
usual addition of polynomials and multiplication of a scalar and a polynomial.
Can you describe a basis for R[x]? Can you find a basis for the subspace

W ={peR[x]:p(1)=p(-1)=0}2

Determine dimR[x] and dim W.

Problem 2.9 (solution

Let V C C*(0,2m) be the set of all solutions to the differential equation
v +9=0.

Show that V is a vector subspace of C*(0,27). Find its basis.

2.2 Linear maps

Problem 2.10 (solution|2.10)

A map 7: R¥”? — R>? is given by
11 11
=]} et )

(a) Show that 7 is a linear map.

(b) Find the matrix corresponding to T with respect to the standard basis
{E11,E12,E21, Epy) of the vector space R?*2.
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Problem 2.11 (solution|2.11)

For a polynomial p(x) = ax® + bx? + cx +d, and a square matrix A denote p(A) =
aA®+bA% + cA+dl. Let A € R?*? be the matrix

(a) Show that the map given by

¢: Rs[x] > R>?, $(p) = p(A)

is linear and determine the matrix corresponding to ¢ in the standard
bases of spaces IR3[x] and R**?.

(b) Find a basis for ker ¢ and determine dim(ker ¢). (Hint: If Ay(A) is the
characteristic polynomial of A, then A4(A)=0.)

(c) Let q(x) = x(x*> — 2x —3). Is the set of all 2 x 2 matrices X, for which
g(X) = 0 holds, a vector subspace of R>*??

Problem 2.12 (solution|2.12))

We are given vectors a = [1,1,0]", b=[1,0,1]", and ¢ = [0,1,1]" in R3, and a
linear map 7 : R?> — R3 for which

7(a)=a,t(b)=a+b,and t(c)=a+c

holds.
(a) Show that {a,b,c} is a basis of R3.
(b) Find the matrix for 7 in the basis B = {a, b, c}.
(c) Find the matrix for 7 in the standard basis S = {i,j, k}.
(d) Where does the vector [1,1,1]" get mapped by 7?

Problem 2.13 (solution|2.13))

Let IR3[x] be the vector space of polynomials p of degree at most 3.
(a) Check that the map ¢: R3[x] — R3, ¢(p) := [p(~1),p(0), p(1)]" is linear.
(b) Find a basis By, for the kernel ker ¢ of the map ¢.

(c) Find the matrix corresponding to ¢ in the basis {1,x,x?,x>} of R3[x] and
the standard basis of R.

(solution
A map ¥ : Ry[x] — Ry[x] is given by
(®(p))(x) = (xp(x +1))" = 2p(x).

Show that 1 is linear. Find its matrix in the basis {1,x,x?}. Find its kernel and
image.
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Problem 2.15 (solution|2.15|)
Leta=[1,1]". A map ¢: R?> — R?*? is given by

d(x)=xa’ =x[1,1].

(a) Show that ¢ is linear.

(b) Find the matrix corresponding to ¢ in the standard bases of R? and
R2%2.

(c) Determine dim(ker ¢) and dim(im ¢).

(d) Find a basis of im ¢.

Problem 2.16 (solution|2.16)

Let B={1,1-x%1+x%* and V = £L(B) C Ry[x]. Define a map

(PZV—>IR2X2 by (P(p):[P(_l) p,(_l):|

(a) Show that ¢ is a linear map.
(b) Find the matrix A corresponding to ¢ with respect to the basis B of V
and the standard basis of R>2.

(c) Determine vector space bases of the kernel ker(¢) and the image im(¢).

Problem 2.17 (solution|2.17))

Assume that U and V are vector subspaces of a vector space W. Define sets:

UxV:={(u,v):uelU,veV}
U+V:i={u+v:ueU,veV} and
UNnV:i={weW:weUandweV}.

(a) Verify that U+ V and U NV are vector subspaces of W.

(b) ‘Guess’ the appropriate vector space structure on UxV. Prove that UxV
is actually a vector space in the guessed case! Determine dim(U x V)
from dim U and dim V.

(c) Letamap ¢: UxV — W be given by ¢(u,v) = u—v. Confirm that ¢ is
linear. (If it turns out, that it is not, return to part (b).) Determine ker ¢
and im ¢.

(d) Show thatthe map ip: UNV — ker¢, p(w) = (w, w) is a linear bijection,
therefore dim(U N V) = dim(ker ¢).

(e) Conclude that dimU +dim V =dim(U + V) +dim(U N V).
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Functions of several variables

3.1 Multiple integrals

Problem 3.1 (solution

Let a vector—valued function F: R?> — RR? be given by F(r) = F(r, @) = [x,]" =x,
where

X =7COsQ,

y=rsing,

the so-called polar coordinates. Find the Jacobian matrix Jg = % and the Jaco-
bian determinant det(Jg) of F.

Problem 3.2 (solution

Let a vector-valued function F: R® — R3 be given by F(r) = F(r,,z) = [x,v,z]"

x, where

X =rcosq,
Y =rsing,
z=2z,

the cylindrical coordinates. Find the Jacobian matrix Jg = % and the Jacobian
determinant det(Jg) of F.

Problem 3.3 (solution

1",

Let F: R?® — R3, r — x be a vector-valued function given by F(r,,0) = [x,9,z
where:

x=rcosfcos @,
y =rcosOsing,

z=rsin0,

16
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_ JF

the (mathematician’s) spherical coordinates. Find the Jacobian matrix Jp = 4-

and the Jacobian determinant det(Jg) of F.

Problem 3.4

Let R >0, and let F: R® — R? be a vector-valued function given by

(R+rcosB)cos @
F(r,p,0) = F([r, (p,Q]T) =|(R+rcosBO)sing |,
rsin@
the toroidal coordinates.
(a) Find the Jacobian matrix F; Jg = 9[/3+er of F.

(b) Find the determinant of that Jacobian matrix; det(Jf).

Problem 3.5 (solution

Evaluate double integrals below.

~
(a) jD(S —x—y)dxdy, where D =[0,1]x[0,1],

+ <

-
(b) j . 1dxdy,whereDisgivenbyxZQ,nyinx2+y2Sz’
Up

~
j 51296 dxdy, where D is the triangle given by 0 <y <x,and x <7,
D

()
J
( 2 2 & 2
(d) J- e 7 dxdy, and use this to evaluate J e dx.
JR?

—00

Problem 3.6

Sketch the domain of integration and evaluate the integrals.

1. J:[j);xeydy]dx,
J:[ Oy Y dx]dy+J‘1\5[LW y dx]dy.

J

Problem 3.7 (solution

2.

x+1

What is the volume of the solid bounded by the paraboloid z = 8 — x> — y? and
the plane z =-1?

Problem 3.8 (solution

Find the coordinates of the center of mass of the quarter of a disk given by
inequalities x> +y? < R?, x > 0, p > 0 if the density at each point is equal to the

distance from the origin, i.e., p(x,v) = \/x? + 2.
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Hint: the mass of a figure D C IR? is given by m = ﬂD p(x,v)dxdy, coordinates

of the center of mass are x* = %ﬂD xp(x,v)dxdy and y* = %HD vp(x,v)dxdy.
Use polar coordinates.

Problem 3.9 (solution

Determine the mass and the coordinates of the center of mass of a homoge-
neous solid (i.e., p(x,v,z) = 1) bounded by surfaces z? = x> +y? and x> +y%+2z% =
4, which lies in the half-space z > 0.

Hint: Use spherical coordinates:

x =rcosBcos @,
y =rcosOsing,

z=rsin0,

i.e., a ‘new variable’ F(r,,0) = [x,v,z]" (for which det(Jg) = r? cos 0 holds.)

Problem 3.10 (solution D

Determine the mass and the coordinates of the center of mass of a ball given by
inequality x2 + y? + z? < 2z if the density at every point is equal to the distance
from the origin.

Hint: Use spherical coordinates.

Problem 3.11 (solution D

Asolid D C IR® is bounded by parabolic cylinders z = 2-x? and z = y*>-2. Deter-

mine the volume and mass of this solid if the density is given by p(x,7,z) = p*.

Hint: Find the (orthogonal) projection of this solid onto the xy-plane, use cylin-
drical coordinates.

3.2 Local extrema of real multivariate functions

Problem 3.12 (solution i

Find and classify the stationary points of functions below.
(@) flxy)=2x>—4x?+2xy—y?

(b) g(x,v)=xe*+2pe? +1

(¢) h(x,v)= 1+e7)cosx ye?
(d) k(x,v,2) =x3+y3+322 -3xyz
(e) r(x,v,2)=x>+p*+22-2xyz
(f) u(x,v)= 4+x3 +y —3xy

(8) v(xy)=3x"p+yp° - 3x% -3y

Problem 3.13 (solution D

Given a,b € R" let f(x) = (x'a)(x'b).
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af I’ f
(a) Evaluate 3~ and T

(b) Additionally assume that a and b are nonzero and orthogonal. What is
the type of any stationary point of f in this case?

Problem 3.14 (solution i

Find the vector x € R” for which the sum of squared distances from given
vectors ay,...,a; € R" is the smallest possible.

3.3 Constrained extrema

Problem 3.15 (solution i

Find the points in the domain described by the inequality
4(x—-1)>+p* <16,
at which the largest and the smallest values of the function
floy)=2x"+y?

are attained.

Problem 3.16 (solution|3.16)|)

Let T be the triangle which is the intersection of the first octant and the plane
given by x + v +z = 5. At which point on this triangle is the largest value of the
function g(x,v,z) = xy222 attained?

Problem 3.17 (solution|3.17))

Find all points on the ellipse given by
x? - Xy + y2 =3,

which are farthest from the origin.

Problem 3.18 (solution|3.18|)

Which points on the curve given implicitly by
(2 +2)2 =3 493

are farthest from the origin?

Problem 3.19 (solution|3.19)

Find the largest and the smallest value of the function f(x,y)=xy -y +x-1
(a) on the disk given by x? +y% < 2,
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(b) on the half-disk given by x*> +y? <2 and x > 0.

Problem 3.20 (solution D

An ellipsoid is given by the equation

2 2 22
a—z + ﬁ + C_2 =1.
A box with edges parallel to x, y, and z axes is inscribed inside this ellipsoid.
(a) What is the largest possible volume of the inscribed box?

(b) What is the largest possible surface area of the inscribed box? If you get
stuck with the general case, assume c = b, i.e., an ellipsoid of revolution.

Problem 3.21 (solution D

We are given an ¢ meters long thin rod. We cut it into 12 shorter rods, from
which a frame of a box can be assembled.

(a) How long should those shorter rods be if the box is to have the largest
possible volume?

(b) Same question as above with an additional restriction — the base rectan-
gle should have area equal to A.

Problem 3.22 (solution|3.22))

We wish to assemble a frame of a triangular prism (equilateral base triangle)
from an ¢ metres long thin rod.

a) What shou e the length of the pieces we cut our rod into, for the
hat should be the length of the pi di for th
prism to have the largest possible volume?

(b) What should be the length of the pieces we cut our rod into, for the
prism to have the largest possible surface area?

Problem 3.23 (solution D

Let a € IR” and let d > 0 be a real number.

(a) Find the largest and least value of the expression a'x for a vector x € R"
with prescribed length ||x|| = d.

(b) Explain the solution.

Problem 3.24 (solution i

Assume A € R™", and let d be a positive real number.
(a) Find the largest and least value of f(x) = x' Ax with constraint ||x|| = d.

(b) Find the largest and least value of f(x) = ||x||> with constraint x" Ax = d?
if A is symmetric positive definite.
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Problem 3.25 (solution D

Let Ae R™", b,p€R", and d > 0 a real number.
(a) Minimize f(x) = ||x||> with respect to |lx —p|| < d.
(b) Minimize f(x) = ||x||> with respect to Ax = b.
(c) Minimize f(x) = ||x||*> with respect to ||x - p|| < d and Ax = b.
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Solutions

Solution to problem page[5} First we evaluate the characteristic polyno-
mial of A.
A2 2] a2 2-a
pal)=det(A—AI)=|3 1-1 -3|=[3 1-1 o0

1-1 3 0
3 1-1 0 :(2—/\)’
1 -1 2-2

=(2-M)((1-1)2=9)=(2-A)(4-A)(-2-1).

1-1 3
3 1-1

The eigenvalues are the roots of the characteristic polynomial (indexed in de-

creasing order)
/\1 :4,/\2:2,/\3:—2.

To find the corresponding eigenvectors we determine the null space
NA-A)={veR>:(A-Al)v=0}
for each eigenvalue A, which can be done using Gaussian elimination.

* For N(A - A{I) we compute

-4 2 2 1 1 1 1 1 1 1 0 0
3 -3 3|~ -1 1|~ -2 =2|~(0 1 T1{.
-1 -1 -1 2 -1 -1 0 3 3 0 0 O

The homogenous system of equations for components of the vector [x,y,z]"
is thus simplified to

x=0,
y+z=0.

We can take z to be the free variable and choosing z = 1 gives an eigen-

vector for Ay = 4:
0
V] = -11.
1
22
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1 -1 -1 1 0 -1
2 0]~]0 1 0.
0 -2 0 0 0 O

The equations are x —z = 0 and y = 0. Choosing z =1 gives

1
VZZO.
1

e For N(A - A,I) we have

-2 2 2 1 -1 -1
3 -1 =3|~|13 -1 =-3|~

-1 -1 1 -1 -1 1

e For N(A - A3I) we have

2 2 2 1 1 1 1 1 1 1 1 0
3 3 =3|~|1 1 -1{~f0 0 -2|~|0 0 1}.
-1 -1 5 -1 -1 5 0 0 6 0 0 O

The equations are x +y = 0,z = 0. This time p is the free variable and the

choice y =1 gives
-1
V3 = 1.
0

Solution to problem page [5} We know that it will be possible to find an

orthogonal basis of IR* consisting of eigenvectors of H because H is a symmetric
matrix (H' = H). Computing the characteristic polynomial for H we get

-4 1 1 0o |1-4 1 1 o0
1 A 0 1 2 A 0 1
det(H-AD=\ 1 o 3y 4|5l 0 o0 -1 -1
0 1 -1 1-A] [1-2 1 -1 1-2
1A 1 1 0
2 -4 0 1| [l-A 1|4 -1
0 0 -A -1 2 —all=2 1-2a
0 0 -2 1-A

=(—(1-1)A=2)2=(2-1)2(-1-1)>2

In addition to the usual rules for computing determinants (addition of multi-
ples of rows/columns to other rows/columns) we used the following rule for
determinants of block upper—triangular matrices:

det([lg g]) = det(A) - det(B),

where A, B, C, and 0 are matrices of appropriate dimensions.

We therefore obtain two distinct eigenvalues A; ; = 2 and A3 4 = —1 which
are both double roots of the characteristic polynomial. Since H is symmetric,
we know that it has a two-dimensional eigenspace for each eigenvalue (for
general matrices this is not necessarily the case).

Let’s proceed with eigenspaces and their bases:
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* Eigenspace for A;, = 2 is the nullspace N(H — 2I). We have

-1 1 1 0 1 0 -2 -1
1 -2 0 1 01 -1 -1
H=2I=11 o 5 117~ lo 0o o o
0 1 -1 -1 00 0 O

Denoting a general eigenvector as v = [xl,xz,x3,x4]T, the equations for
the components of v are

—2X3—X4:O So0X :2X3+X4,

Xp—=x3—-x4=0 .. xp= x3+x4.

Hence an eigenvector corresponding to A; , = 2 looks like

2x3+ X4 2 1
_ x3+x4 x3ll‘+x4lll'

1 0

0 1

Setting v; =[2,1,1,0]" and v, = [1,1,0,1]7, the set BN (H-21) ={V1,V2} is a
basis of N(H — 2I). Note, however, that v; and v, are not orthogonal, so
we don’t have an orthonormal basis yet. We can obtain an orthonormal
basis via Gram-Schmidt orthogonalization:

1
u) 111
u;:=Vv and qy=—— =—|.|,
e Pl 3|0
1
1 1
T
up = vy - 2y, = 0 and q - w110
e u;uz g 1 ! llay |l V3 1
-1 -1

(Starting with index 2 produces ‘smaller’ square roots, we could just as
well start with index 1.) So, we have an orthonormal basis B;\](

{91,q2} for N(H - 2I).

H-2I) —

* Eigenspace for A3 4 = -1 is the nullspace N(H +I). We have

2 1 1 0 1 0 1 -1
H”:i (1) ? —11 N'”Ng 2) _01 g
o1 -1 2 0 0 O 0
Using the same notation as above, we obtain
X4 — X3 -1 1
—|*3 ;32x4 =x3 1 + Xy _02

X4 0 1
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Again,v3 =[-1,1,1, 0]" and v4 = [1,-2,0,1]" constitue a basis of N(H+1I),
but they are not orthogonal. Let’s repeat the Gram-Schmidt orthogonal-

ization:
1
u3 1 1
usz:=v and — ,
3 3 qs3 = ||u ” VAR
[ 0]
[0
u4 -1
and .
= uyll ™ \/5 1
[ 1]
Now, BN(H+I {q3,94]} is an orthonormal basis of N(H +1I).

Solution to problem page[5}

(a) We will discuss the general case below. Let us first assume that A is
diagonalizable, so that we have

A=pPDp!

where D = diag(}y,...,A,) is a diagonal matrix that contains the eigen-
values of A along the diagonal. The powers AX of the matrix A can then
be expressed as

Ak =ppp-lppp~t...pDP™! = pDFpP!

where Df = diug()\’f, ..., AK) contains the powers of the eigenvalues along

the diagonal. We use this expression in the power series for e4.

— 1 — 1
A_§ k_§ kp-1
e —kiOEA —kiOEPDP
_ Lok o1 - Z k Z k). p-
—P( k_D P =P-diag( /\, k'A .p!

§~ e

g(e ,...,e"”)‘P*1

In other words, the matrix e/ can be diagonalized in the same basis as A,
and its eigenvalues are simply e'1,...,etn. Using elementary properties
of determinants, the determinant of e# can then be expressed as

det(e?) det(P-diag(e’\l,...,e;‘)-P_l)

= det(P)-det(diag(e™,...,et))- det(P71)
= det(diag(e/\l,...,e""))

Al ”‘e’//l\ — e/\1+'"+/\n

= e

We know that tr(A) equals the sum of the eigenvalues of A which com-
pletes the proof for diagonalizable A.
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For the general case we can use the Schur decomposition
A=UTU"

where T is an upper-triangular matrix and U is a unitary matrix (U*U =
UU" =1). We know that the upper—triangular matrix in the Schur de-
composition of A also contains the eigenvalues of A along its diagonal.
The proof then follows the same pattern as in the diagonalizable case,
with the difference being that we work with upper—triangular matrices
instead of diagonal matrices. However the upper-triangular matrices
that appear contain the same diagonal elements as the diagonal matri-
ces above. Since the matrix elements above the diagonal do not affect
the determinant or the trace, this means the result is the same in the
end.

(b) Using the power series for ¢4 we can directly see that

T T
() ="
For matrices A and B that commute (meaning AB = BA) it is also easy to
see that
oA . oB = pA+B

(This is identity is not valid for matrices that do not commute!). To
show that e” is orthogonal, we need to prove that (e*)"e? = I. For an
antisymmetric matrix A we have

T T
(eA) Az A A A AA S0
since A and —A commute (the zero above denotes the zero matrix), hence
e/t is an orthogonal matrix. If AT = —A, then all elements on the diagonal

of A must be equal to zero, implying that tr(A) = 0. Using the identity
from (a) we then have

det(e?) = "™ =0 = 1.

Solution to problem page|6}

(a) By performing Gaussian elimination

0 1 1 1 0
1 0 0 1 1
a-|1 0 0l_]o 0
1 0 0 00 -~ 0

or by simply looking at the matrix A it is clear that the column space
C(A) is spanned by the first two column vectors. We denote these two
vectors by
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so we can write C(A) = L({u,v}) and conclude that the dimension of C(A)
equals 2.

This implies that dim(N(A)) = n — 2, which can also be seen from the
row-reduced form of A above. To determine a basis for the null space
N(A), i.e., the subspace of the solutions to the equation Aw = 0, we need
to find n — 2 linearly independent solutions to the system of equations

X1:0,
Xp+...+x,=0,

where the variables are the components of the vector w = [xl,...,xn]T.
This system of equations can be obtained directly from the result of
Gaussian elimination above or by observing that A is a symmetric ma-
trix: We know that C(A)L = N(AT) = N(A), so we can conclude that
w € N(A) is equivalent to the condition that w is orthogonal to both u
and v. Expressing these conditions via equations, w-u=0and w-v=0,
and writing these equations component-wise produces the same equa-
tions as above.

The ‘free’ variables of this system are x3,...,x, which means we can
choose n — 2 linearly independent solutions by setting x; =1, x; = 0
for i # k for each choice of k = 3,...,n. The solutions can then be written
as

[ 0] [ 0 ] [ O ] [ 0]
-1 -1 -1 -1
1 0 0 0
W3=10|Wa=1]11]:Wy_1+= . YWy =
: : 1
| O | | O | | O | | 1 ]

and hence one choice of a basis for N(A) is the set of vectors {ws,...,w,}.

The subspace N(A) is by definition the eigenspace of A for eigenvalue
A =0 (if N(A) is non-trivial). We can therefore immediately conclude
that we have an (n — 2)-dimensional eigenspace for eigenvalue A = 0
spanned by the vectors {ws,...,w,} defined above. Since A is a symmet-
ric matrix, we know that the algebraic multiplicity of each eigenvalue
is equal to the dimension of corresponding eigenspace. This means we
have (algebraically) two non-zero eigenvalues yet to be determined.

It is possible to obtain the remaining two eigenvalues as usual by com-
puting the characteristic polynomial directly and then solving the cor-
responding systems of equations to obtain the eigenvectors. As an alter-
native we will use the fact that A is a symmetric matrix.

Since we know that the eigenspaces of a symmetric matrix for distinct
eigenvalues are mutually orthogonal, and that the orthogonal comple-
ment of the eigenspace for A = 0 is N(A)* = C(AT) = C(A) = L({u,v}),
we can deduce that it must be possible to express the remaining two
eigenvectors as linear combinations of the column vectors u and v.

It therefore makes sense to see how the matrix A acts on the vectors u
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and v. Direct computation produces the equations

Au=(n-1)v, (1.1)
Av=u.

There are now at least two ways to proceed from here.
1. Since we know that any eigenvector w of A for any non-zero eigen-

value A can be written as a linear combination w = xu + yv, we can
write the eigenvector equation Aw = Aw using (1.1)) as follows

Aw = A(xu+yv) = xAu+ pAv =x(n—-1)v+yu = A(xu+pv).
The last equality can be rewritten as
(Ax—p)u—(x(n—1)—Ay)v =0.

Since u and v are linearly independent this implies that both coef-
ficients above must equal 0, which yields a system of equations

Ax-y=0,
x(n—-1)-Ay =0.

By expressing y = Ax from the first equation and plugging into the
second equation we get A> =n—1or A;, = +Vn—1. (Of course
this system also has an obvious solution for x = y = 0, but this
is not a valid solution in this case because eigenvectors must be
non-zero.) To obtain the eigenvectors for A, , we have freedom to
choose any non-zero value for (say) x (because know that any non-
zero multiple of an eigenvector is also an eigenvector for the same
eigenvalue). We choose x = 1 and hence y = A for each eigenvalue
Ay to get

Vn—-1
1
wy=xu+yv=u+Vn-1lv= .
1

and

-Vn-1
1
wry=u—-Vn-1v= .
1

as the remaining eigenvectors.

2. Another way is to use a little theory of linear maps (which are
the subject of subsequent chapters). According to (1.I), we can
view multiplication by A (restricted to the 2-dimensional subspace
C(A)) as a linear map from C(A) to C(A). Using we can rep-
resent this map in the basis {u, v} with the 2 x 2 matrix, which we
denote by B;
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Theory tells us that the eigenvalues of a linear map do not depend
on the choice of basis of the underlying vector space, which means
that the eigenvectors of B must be same as the restriction of A to

C(A). The characteristic polynomial for B is

det(B-AI)=A?>—(n-1)=0

which yields A; , = £+Vn—1. Then the bases of the eigenspaces
N(B - Ay ,I) (expressed with respect to the basis {u,v}) can be ob-

tained as usual via Gaussian elimination:

ool v e

Since the components of these vectors represent coefficients with re-

spect to the basis {u,v} of C(A), we can express them as

wi=u+Vn-1v, wo=u—-Vun-1v.

Solution to problem page [6f The idea: Determine all eigenvalues and

eigenvectors of A. Since A is symmetric, it can be diagonalized in an orthonor-
mal basis, i.e., , written as A = QDQT, where D is a diagonal matrix (with
eigenvalues on the diagonal) and Q is orthogonal (with properly chosen eigen-
vectors as columns). So, once we have all eigenvalues and eigenvectors, we’ll

just multiply QDQT to get A.

The simplest way to determine the remaining eigenvalues of A (apart from
the double eigenvalue 3) is to notice what happens when we add and subtract

the equations Av| =v, and Av, =v;.
By adding them we get

A(Vl +V2) =V]+V)
and by subtracting them we get
A(vy =vy) = =(v1 = V2).

From these two equations we can directly read two eigenvectors
1
1 .
up=vi+vy = for eigenvalue A; =1
1

and

-1
1 .
1 for eigenvalue A, = -1.
-1

U =vy-vpy =

An alternative way to determine these two eigenvectors would be similar
to that in Exercise [1.4] (b): we could write a 2 x 2 matrix that represents mul-
tiplication by A on the subspace spanned by {vy,v,} and compute A;,,,u;,u;

using the usual procedure.



CHAPTER 4. SOLUTIONS 30

We also notice that the computed eigenvectors u; and u, are orthogonal,
which is a necessary condition for A to be a symmetric matrix. If the computed
u; and u, were not orthogonal we could conclude that a symmetric matrix A
with the required properties does not exist.

Now that we have all four eigenvalues A; = 1,1, = —1 (together with their
eigenvectors) and A3 4 = 3, we only need to determine the corresponding eigen-
space for A3, =3

The requirement that A must be a symmetric matrix implies that the eigen-
space N(A-3I) must be 2-dimensional and it must be orthogonal to the eigens-
paces for A; and A,. This means it is enough to find a basis for the orthog-
onal complement to £({u;,u,}) which is also 2-dimensional. The condition
x € L({uy,u,})t can be described by equations u; -x =0 and u, -x =0, i.e., , a
system of equations

X1 +Xxy+x3+x4=0,
—X1+X2+X3—X4:O

for the components x = [x1,X5,x3,x4]".
Another way to obtain this system of equations is to define the matrix

-1
1
1

-1

U=[uj,u]=

—_

and note that
L{uy,u))t =C(U)F =N(UT)

In any case, we can perform Gaussian elimination on the matrix U to obtain

+ [1 001
U[0110

or on the system above to directly to obtain the conditions

X1+X4:0,
X2+X3:O.

By choosing the appropriate values for the ‘free’ variables x; and x4 we can
choose the following vectors for a basis of the eigenspace N(A-3I)=N(U'):

0
uz = _11 and uy = 8
0 1

By finding all the eigenvalues and eigenvectors we effectively have a diagonal-
isation of the matrix A. It remains to define the matrices

D =diag(1,-1,3,3) and P = [uy,up, uz, uy]

and compute A = PDP~!. If we are computing this product by hand, it may
be preferable to choose an orthonormal basis of eigenvectors (in order to avoid
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computing the inverse P‘l) instead of {uy,u;,u3,uy}. Luckily, all these vectors
are already orthogonal, so we only need to normalize them. We can therefore
define an orthonormal basis consisting of eigenvectors by

1 1 1 1
q = E“b‘lz = Euz,% = 6113:(14 = ﬁuzp

Now define the matrix Q = [q1,q>,q3,q4] and evaluate

3 1 1 -3

111 3 -3 1

_ T_ -

A=QDbQ “2]11 -3 3 1
-3 1 1 3

Solution to problem page[6} In principle, a Schur decomposition for a

matrix A € R™" can be computed by the following algorithm.

We first find an eigenvalue A for A and a corresponding normalized eigen-
vector qy, so we have Aq; = A;q; with q]q; = 1. Then we find an orthonormal
basis {q»,...,q,} for the orthogonal complement of q;. In other words we form
a an orthogonal matrix

Ql = ql:qZ:-'vqn]

meaning Q] Q; = I, or, equivalently, qiTq,- =1 and qiTq]- =0fori=j,ij=
1,...,n. Then we compute the matrix

q] q;
q; q;
Ti:=QAQi=| |Alar @ - a)=|.|[ha1 A ... Ag,
q, q,
Al‘li‘ll inqz inqn
C[Mea @49 - 944, _[/\1 bT]
B : : : 10 A
ligrqr 9)Aq ... qlAq,

where the vector b and matrix A, are simply the results of the computation.
This basically yields the first column of the upper triangular matrix T in the
Schur decomposition A = QTQT.

We can then repeat the procedure on the A, block of the matrix T; to ob-
tain (n—1) x (n — 1) matrices Q, and T, and so on. The end result is the
upper-triangular matrix from the Schur decomposition together with a se-
quence Q1,Q,,...,Q,_; of orthognal matrices of decreasing size. The orthognal
martix Q from the Schur decomposition can then be computed by

|1 o7 I,; OF
Q‘Ql[o QJ'”[O Qn_l]'

It should be noted that we have considerable freedom during the computing
of the Schur decomposition using the described algorithm, from the choice
of the ‘first’ eigenvalue to the choice of orthonormal basis for the orthogonal
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complement of the chosen eigenvector at each step of the algorithm. When
computing by hand it is therefore worth it to use this freedom at each step with
an eye towards keeping the subsequent computations as simple as possible.

We will find the Schur decomposition of matrix B first, since it is the easier
example. The characteristic polynomial is

2-1 -1 0
detB-AI)=| 0 1-1 0 :(2—/\)’
V2 V2 2-2

We choose the ‘first’ eigenvalue to be A = 2 since we easily notice that the corre-
sponding eigenvector is simply q; = [0,0,1]". Using Gaussian elimination we
could also verify that q; is also the only eigenvector for the double eigenvalue
A = 2 which means that B is not diagonalizable, but a Schur decomposition still
exists.

Clearly, we have many choices for the orthogonal matrix Q; which should
contain q in the first column. A good choice is

01 0
Q, =0 o 1.
1 00

2-A 0

0 1_/\’:(2—/\)2(1—1).

We now compute

0 0 1][ 2 -1 0][0
leQ{BQI:[l 0 o” 0 1 0”0 }
0 1 ofl-v2 -v2 2|]1

10
0 1
0 0
00102 12\/5\/5
:[100“0 ][02 1}
0 1 0]l2 —v2 —v2| |o

The matrix multiplication in this case is easy since Q; happens to be a per-
mutation matrix: multiplication by Q; from the right just permutes column
vectors and multiplication from the left permutes row vectors.

We notice that the result T; already happens to be an upper-triangular ma-
trix so no further steps are needed. The Schur decomposition of B is simply
B=0QT1Q].

Of course, a less fortunate choice of Q; would require more computation.
For instance, a sensible choice for Q; also seems to be

00 1
0, =0 1 of.
1 00

This choice then results in

2 V2 2
0 1 0
0 2

A BT
O “lo B,

=[-V2,-V2] and B, = [_11 g}

where
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As before, we can notice the eigenvalue A = 2 of B, (we also know this must
be an eigenvalue since the matrix Q{ BQ; has the same eigenvalues as B) with
eigenvector q, = [0,1]". The (almost) only choice for Q, is then

01
Q2 = [1 0]
and we get
- 2 -1
T, =Q;B,Qr = [0 1 ]

(Q, is a permutation matrix that just swaps the first and second columns/rows
of matrices.)
The final result is

2 bTQz]:[z _\/E _\/E}

T:[ 0o 2 -1
0 T 0 0 1

for the upper-triangular matrix of the decomposition and

01 0
ol oy )

for the orthogonal matrix, which is the same result as before.
A somewhat more involved example is matrix A. The characteristic poly-
nomial is

6—
det(A-AI)=| 4 3-A7 1 |=(A-2 4-2 0
2 2 3-1 2 2 3-1

A-2 4-2 6-1 -1
| 2 2 A-2 4-2

=(2(A=2)=2(4=A)+(B=1)((6=A2)(4—A)+(1—-2))
=—4(B-1)+(B3-N)(A2=91+22)=(3-A)(A2 =91 +18)
=(3-1)%(6-A).

‘+(3—/\)‘

Let us find an eigenvector for A = 6. Using Gaussian elimination we get

0 -1 1 2 2 -3 2 2 -3 2 0 -1
A-6I~14 -3 1|~ -1 1|~ -1 1|~f0 -1 1
2 2 -3 4 -3 1 0o -7 7 0 0 O

The equations for the components of an eigenvector v; = [x;,x5,x3]" for 1 = 6
therefore reduce to

2X1 —X3 = 0,
=Xy + X3 = 0.
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If we choose x3 = 2 for the value of the ‘free’ variable we get the eigenvector
vy =[1,2, Z]T. Similarly, we can find that the only eigenvectors for the eigen-
value A = 3 are nonzero multiples of v, = [-1, 1,4]T.

However, the eigenvector v; seems ‘nicer’ than v,. For one, ||[v{|| = 3 is an
integer which means we don’t need to deal with square roots when normaliz-
ing. Also, it is possible to find two mutually orthogonal vectors to v; simply by
cleverly permuting and changing signs of its coordinates, which also ensures
they all have the same length.

After some guesswork, a sensible choice for Q; seems to be

The result for T; is

2 3 5] [6 3 3
T, =Q]AQ, =Q[|4 3 1|=|0 3 3
4 0 1] [0 0 3

Since T happens to be an upper-triangular matrix we can terminate the algo-
rithm and write the Schur decomposition as A = Q; T} QIT.
With a little less luck with our choice for Qq, for instance if we had chosen

1 [1 2 2
=— -2 1
Q4 3

N

the result for T; would be

6 3 3
T,=l0 0 3

The algorithm would then require one more step. But even in this case we can
notice that T} can be transformed into an upper-triangular matrix by the same
permutation matrix that transposes the second and third columns and rows as
in the example for the B matrix above.

Solution to problem page|6}
1. By the definition ||Al|r = \/m and assumption UTU = I we have
IUAIR = tr((UA)TUA) = tr(ATUTUA) = tr(ATA) = || Al 2.
2. Here, we also need a basic property of the trace operation tr(AB) = tr(BA).

|AV|[Z = tr((AV)TAV) = tr(VT(ATAV)) = tr((ATAV)VT) = tr (AT A) = ||Al|3.

3. This can also be proved directly by definition, or simply by combining
the previous two equalities

IUAV|lp =[UAV)ll = |AV|r = [|Allp-
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Solution to problem page[7}

1. Define the function f(x) :=||xA + Bllf: for x € R. Clearly, f(x) > 0 for all
x € R. Expanding according to the definitions and the properties of the
inner product we have

f(x) = llAx + Bl
=(xA+B,xA+ B)gp
= <XA, XA>F + <XA, B>F + <B, XA)F + (B, B)F
=(A,A)p - x>+ 2(A,B)p - x + (B, B)p.
This shows f(x) is a quadratic function of x. A quadratic function f(x) is

non-negative for all x € R if and only if its discriminant D = b® — 4ac is
non-positive, D < 0. In our case the discriminant equals

D = 4((A, B))® = A, A)e(B, B)r = 4((A, B)r)” — 4lIAlIZIIBII}

Since D < 0 we have ((A, B)p)? < ||A||12:||B||I2:, hence [{A, B)g| < ||Allgl|Bllg-

We also mention that the Cauchy-Schwarz inequality holds not only for
the Frobenius inner product but for general inner products on vector
spaces. The only properties of the inner product needed to prove the
Cauchy-Schwarz inequality were (A,A) > 0, (A, B) = (B,A) and (xA, B) =
x(A, B) for scalar values x.

2. In the proof we need the Cauchy-Schwarz inequality (notice that [(A, B)g| <
||Allg||Bllr implies (A, B)r < ||Allgl|Bl|r) but is otherwise quite direct.
||A + B||12: =(A+B,A+B)g

= <A,A>F + 2<A, B>F + <B, B>F

< l|AlIz + 2llAllglIBllg + 1Bl

= (IlAllg +IBll)*.
Since ||A+B||g and ||A||lg+||B||r are both non-negative numbers this implies
the triangle inequality.

Obviously, as is the case with the Cauchy-Schwarz inequality, the trian-
gle inequality also holds in general vector spaces with inner products.

3. First, we use the Cauchy-Schwarz inequality to obtain the following in-
equality
IAB|| = (AB,AB)g, = tr((AB)" AB)
=tr(BTATAB) = tr(ATABB")
=tr(ATA(B"B)") = (ATA,B"B);
<|lATAllp|B" B
In order to obtain ||[AB||g < ||Allz||Bl|g it therefore suffices to prove the in-

equality ; ,
A" Alle < l|Allz



CHAPTER 4. SOLUTIONS 36

To see this, we need to use a few properties of the matrix B= ATA € R"™".
Clearly, B is a symmetric matrix since B = (ATA)T = ATA = B. Also, for
all x € R"™ we have

(Bx,x) = (AT Ax,x) = (Ax, AX) > 0

where (x,y) := x"y denotes the usual Euclidean inner product. In other
words, B is a positive semidefinite matrix, so all of its eigenvalues are
non-negative.

Let Ay,..., A, > 0 denote the eigenvalues of B. On the one hand we have

AL = tr(ATA)? = tr(B [ZA] Z/\2+ZA/\

l:t]

since we know that the trace of a matrix equals the sum of its eigenvalues.
On the other hand we have

m
IATAI = 1B = tr(BTB) = tr(B%) = ) A7

i
i=1

since B is a symmetric matrix and we know that if A is an eigenvalue of B
then A? is an eigenvalue of B2.

Combining the last two identities and noting that } ;,; A;1; > 0 because
all the eigenvalues are non-negative, we can write

m
T A2 2
IA Al = Z/\i
i-1

m
i=1

i#j
= ||AllE
from which the desired inequality follows.

4. Using the properties of the Kronecker product we can verify the identity
directly.
lA®B||2 = tr((A® B) (A®B))
=tr(A"®B')(A®B))
=tr(ATA® B'B)
=tr(ATA)tr(B"B)
= IlAIIFIIBIIE-
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Solution to problem page[7} We simply write the orthogonality condition
(I, A)p = 0 for A € I+ in terms of the coordinates of

o
X3 X4

(I,A)p =tr(ITA) =tr(A) =x; + x4, =0

The equation is

This gives us three 'free’ variables x;,x3 and x4, which agrees with the fact that
R>*? is a four-dimensional space which implies that the orthogonal comple-
ment of any non-zero element should be three-dimensional.

By choosing the appropriate values for the free variables we define three
linearly independent solutions

01 00 1[-1 0
SN P

It is straight-forward to verify that all the matrices I,A;,A;,A3 are mutually
orthogonal with respect to the Frobenius product. Obviously we also have
lIA1llr = lA2llr = llAsll = 1, so these three matrices form an ONB for [+.

Solution to problem page[7t The Eckart-Young theorem states that the

problem of the best rank k approximation of a rank n matrix (with regard to
the Frobenius norm) can be found using the SVD matrix decomposition.
The SVD of a matrix A € R"™"™ is a matrix factorization A = ULV T where

(o5] 0 ... 0
y=|0 o ... O]cRgmxm

is a diagonal matrix containing the so-called 'singular’ values o7,..., Omin(n,m)
along the diagonal and

U= [ul,...,un] eR"™ and V = [vl,...,vm] e R™M"
are orthogonal matrices. Another useful way of writing the SVD is the sum

_ T
A= E o;ju;v;

=1

Each term in this sum is a rank 1 matrix (every column in a matrix of the form
T

ouv' is clearly a multiple of u), these are the ‘singular’ matrices that give the
‘singular value decomposition’ its name. This sum also shows that the SVD is
not completely unique. For instance, reordering the sum or changing the sign
of two elements in a triple {o;,u;,v;} does not affect the ‘singular’ matrices in
the decomposition. However, for the standard form of the SVD we require the
singular values are positive and ordered 07 >0, >... > 0.

Note also that the Frobenius norm of a ‘singular’ matrix in the decomposi-
tion equals

||ouvT||l% =tr((cuv’)Touv') = o’tr(vu'uv') = o %tr(vw') = o*tr(v'v) = 02
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since the vectors u are v are normed, u'u = v'v = 1. Hence, the Frobenius

norm of any matrix A can be expressed in only in terms of its singular values

as ||Allg = 012 + 022 + ---. The Eckart-Young theorem states that in order to find

the best rank k approximation to a matrix A we simply pick out the ‘largest’
(with regards to the Frobenius norm) k ‘singular’ matrices in the decomposi-
tion.

In order words, we form the diagonal matrix X; which contains only the
first k singular values (assuming oy > 0, > ...) along the diagonal and com-
pute M = UXVT. Among all rank k matrices M will then be the matrix that
minimises the value ||A — M||g.

A difficulty in using the Eckart-Young theorem when dealing with matrices
without numerical computation software, is that computing the SVD for gen-
eral matrices by hand can be quite tedious. For the examples below we don’t
use any general algorithm for computing the SVD because for special cases
matrices the decomposition can often be found by simpler means.

(a) For a diagonal matrix D we almost already have the SVD D = ULV with
Y =D and U =V =1, but not quite. We can write

2 0 0
A= -3 0}:2-e1eI—3-e2e;+1-e3e;:2‘e1e1+3-e2(—e;)+1-e3e;,
0 0 1

i.e., we need to change the signs of the negative diagonal elements and
change the sign of the corresponding column of either U =T or V =1I. The
best rank 1 approximation to A contains the ‘largest’ term (by absolute
value) in that sum

0 0 0
M=3-e)(-e})=-3-e5e; =0 -3 0.
0 0 0

So clerly, for diagonal matrix D, we only need to pick the diagonal entry
which is largest by absolute value. Similarly, the best rank 2 approxima-
tion contains the largest 2 diagonal entries by absolute value,

2 0 0
M=2-ee'-3-e;e]=|0 -3 0.
0 0 0

Of course, the decomposition D = IDI is not actually a SVD with posi-
tive and ordered singular values along the diagonal of D. But we could
obtain this with permutation matrices (with an additional change of sign
because of the —3) for U and V. For instance, we could also write

2 0 0] [0 1 O0][3 0 o]Jf0 1 ©
0 -3 0[=|-1 0 ofjo 2 of{1 0 o|=UxVT
0 0 1] |0 0 1f[0 0 1|0 0 1
to obtain the standard SVD and then compute
0 1 0]f3 0 0Offo 1 0 0 0 0
M=|-1 0 of[o 0 o[t 0 o|=UX, V' ={|0 -3 0
0 0 1f/l0 0 o0J[0 0 1 0 0 O
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which is the same result.

Noticing that B is a symmetric, we remember that a symmetric matrix
can be diagonalised in an orthonormal basis, meaning that we have an
eigenvalue decomposition B = QDQT with Q an orthogonal matrix. Com-
paring such an eigenvalue decomposition with the SVD, we notice that
we can almost write B= UXVT with ¥ = D and U = V = Q. Depend-
ing on the order of the eigenvalues in D we may need to permute the
columns of U and V, and change the signs of those columns in either U
or V which correspond to a negative eigenvalue, in order to obtain the
standard SVD. But as seen in the previous example, this is not essential
for the application of the Eckart-Young theorem.

To find the eigenvalue decomposition of B we first compute the charac-
teristic polynomial

1-A 3

det(B—/\I):' 300

/\':(1—/\)2—9:(—2—A)(4—A).

In order to obtain the best rank 1 approximation we actually only need
the largest eigenvalue (by absolute value) A = 4 along with the appropri-
ate (normalised) eigenvector. Gaussian elimination

-3 3 1 -1
A_4I‘[3 —3}~[0 o]

reduces the equations for the coordinates of the eigenvector v = [x1,x,]"
to x; —x, = 0. A normalised solution is

il

and the best rank 1 approximation can be expressed by

w1

Since C is a diagonal matrix we can immediately write at least two differ-
ent best rank 1 approximations to C.

2 0 0 0
M=o o erm=[5 9]

because we have two equal ‘largest’ singular values 07 = 0, = 2.

In fact, the are many more solutions, because in the case of two or more
equal singular values there are also infinitely many valid singular value
decompositions. Indeed, for any orthogonal matrix Q = U = V we can
write a SVD for C as

C=2I=Q(2)Q"

For instance, if we choose Q to be a rotation matrix

Q= [cos(t) —sin(t)]

sin(t)  cos(t)
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for some t € R, we can even explicitly compute

M= Q[2 O] QT = [cos(t) —sin(t)] [2 OH cos(t) sin(t)]

0 0 sin(f) cos(t) [[0 Of[—sin(t) cos(t)
_> cos?(t) cos(t)sin(f)
~ 7| cos(t)sin(t) sin?(t)

to get an infinite set of different best rank 1 approximations to C (which
also includes the two previously mentioned solutions by choosing t = 0
and t = 7). One can also explicitly compute that we have ||C - M||g = 2
for any choice of t in the expression for M above.

Solution to problem page |7} Assume we have eigenvalue/eigenvector

pairs for A and B, Av = Av and Bu = pu. By the definition of the Kronecker
sum and properties of the Kronecker product we have

(A®B)(vRu)=(A®I,+1,®B)(veu)
=(A®L,)(veu)+([,,®B)(veu)
=Av®Il,u+I,v®Bu
=Aveu)+pu(veu)
=(A+p)(veu).

This shows that the sum of eigenvalues A + p is an eigenvalue for A ® B with
eigenvector v®u which proves the claim.

This means it is possible to compute the eigensystem of A & B without ex-
plicitly computing the Kronecker sum simply by computing the eigensystems
of A and B separately and then computing all possible sums A+ p of eigenvalues
together with corresponding eigenvectors v u.

For A the characteristic polynomial is

-1-A 2
det(A—/\I)_’ 0 3—A‘_(_1_/\)(3_/\)'
An eigenvector for A, = —1 is v; = [1,0]" and an eigenvector for A, = 3 is
V) = [1, Z]T
For B we have

deris—pn=|' 31,0 |=a-pe-p

so the eigenvalues are y; = 1 and p, = 2 with eigenvectors u; = [-1,2]" and
u, =[0,1]".
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We can organize the pairs A; + pj,v; ®u; into a table.

1] 1

,u]-,u]-\A,-,v,- —1,[0 3,’72]
—1] -1

-1 2 2

1[[ 2} 0’ 0 4[ _2

0 | 4

0 0

0 1 1
2,H Lol 5o

0 2

Solution to problem page[7}

(a)

Since A is a symmetric matrix, we know it can be diagonalised with an
orthogonal matrix U. The characteristic polynomial is

2-21 2

det(A—/U):‘ 0,

’ =(2-A)(-1-1)—4=212-1-6 = (1-3)(1+2).

For Ay = 3 a normalised eigenvector is u; = \%[2, 1]7 and for A, = -2 we

have u, = \/Lg[—l, 2]". The matrices D and U are therefore

3 0 1 {2 -1
D—[O _2] and U_%[l 2].

Note that since A is a symmetric matrix this diagonalization also gives us
the SVD which we could also write as

T T T T
A=3-uju; -2 -uyu, =3-ujuy +2-uy(-u,).

We can directly verify that if we have UTU = I then we also have
(UeU)(UeU)=(UTeUUeU)=U'UU'U =11

which shows this is an orthogonal matrix. Similarly, we can see that if
we have a diagonalisation A = UDUT then (U® U)(D®D)(U®U)" is a
diagonalisation for A ® A since

(UU)DeD)(UeU) =(UgU)D®D) (U 'eU")
=UDU'@UDU' =A®A.

For the best rank 1 approximation of A ® A we need the largest singular
value and corresponding singular vectors. Since A is symmetric, so is
A®A, and its SVD can be obtained from the eigenvalue decomposition
which was given in (b). We only need the largest (by absolute value)
eigenvalue of A® A. We know that for matrices A and B the eigenvalues
of A® B are the products A;p; (where A; and p; are the eigenvalues of A
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and B, respectively) and the eigenvectors are v; ®u; (where v; and u; are
eigenvectors of A and B, respectively). The largest eigenvalue of A® A is
therefore A; - A; = 9 and the corresponding eigenvector is

4

q=u;®u; =

| =

2
1L
1

The best rank 1 approximation is therefore

16 8 8 4

918 4 4 2
M1:9'q1q-1r:£ 8 4 4 2
4 2 21

To obtain the best rank 2 approximation to A ® A we can add the second
largest singular matrix in the SVD to M;. The second largest eigenvalue
(by absolute value) of A® A is A; A, = A, 1; = —6. The eigenspace for the
eigenvalue —6 is two-dimensional, so for the eigenvector we can take

-2
-1
4
2

ar| =

-2
114
q2:u1®u2:§ 1 or qz=u;®u; =

or any normalised linear combination of q, and q3, e.g. sin(t)q,+cos(t)qs
for any choice of t € R. If we choose q, we get

4 12
6 |-8 16 —4 —12 12 -6
M2_M1_6‘q2q2 1 25 2 _4 1 _2 6
—4 -3
but as in the case of Exercise [1.10] (c) we could actually construct in-

finitely many rank 2 matrices M, w1th minimal value of ||M; — A® Al|g.

Solution to problem page(8
(a) Let’s start with the matrix A. Its characteristic polynomial is

-2-1 2

det(A—/\I):‘ ) 1-1

‘ =A%+ d-6=(1+3)(1-2),
which gives A1 = -3 and A, = 2 as eigenvalues of A. The corresponding

eigenvectors are u} = [-2,1]" and u} = [1,2]", which both have norm
/5. Since we’re aiming for an orthogonal transition matrix, we’ll pick

Q=[u,u,]= %[ui,u’z] = % [_12 ;]

The corresponding diagonal matrix is

ey
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and we have A = QDQT.
Note that B=A—1I, hence B=Q(D -I)Q" and B has eigenvalues

ur=A1—-1=-4and py,=1,-1=1

(and same eigenvectors as A).
Write Au = Au and Bv = pv. Then

(A®B+A®I+I®B)(u®v)=(A®B)(u®v)+(A®I)(uev)+(®B)(udv)
= (Au)®(Bv) + (Au)®Vv +u® (Bu)
= (Au)® (pv) + (Au) ® v+ u® (pu)
=(

Ap+A+p)(u®v),

hence u®v is an eigenvector of A B+ A®I +1®B corresponding to the
eigenvalue Ay+ A+ p.
For actual eigenvalues of matrices A and B we obtain

/\1[/ll+/\1+}11 :5,
App+ Ay +pp =5,
/\2[41 +/\2+,’"1 —10,
Azll/t2+/\2+//l2 5.

Note that the matrices A and B are symmetric, hence the matrices A®B,
A®I and I ® B are also symmetric, and so is their sum, i.e., the matrix
A®B+A®I+I1®B. Singular value decomposition of this matrix can
therefore be completely determined from its eigendecomposition. In
particular, the singular values of AQ B+ A®I +1® B are (in decreasing
order) 10,5,5,5. The singular value 10 corresponds to the eigenvalue
Ayp1 + Ay + pp = —10 with corresponding eigenvector

-2
ov = L1 o[2]2 1|1
W29Vi=731, 1| 5|-4|

2

By the Eckart-Young theorem the rank 1 matrix M which is closest to
A®B+AQ®I+1Q® B with respect to the Frobenius norm is

-2
[-2,1,-4,2]

U‘Il'—‘
(.nlr—*

M =-10(up; ®vy)(u, ®vy) =-10-

|
N oL

4 -2 8 -4
22 1 -4 2
5|8 -4 16 -8|

-4 2 -8 4
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Solution to problem page[8 Let us check what happens if we multiply

the matrix B = A® A+ A’®]I and the vector v®u where v and u are eigenvectors
of A, Av = Av and Au = pu:

B(vou)=(A®A+A’QI)(veu)=AvRAu+A’v®Iu
=Apveu+ A’ veu=(lu+ A\’ )veu.

This shows that we can obtain the eigensystem of B by computing the eigen-
values A; and eigenvectors v; of A and then compute A;; +/\f' to obtain all four
eigenvalues of B together with their eigenvectors v; v, i,j=1,2.

The characteristic polynomial of A is

det(A — AI) = “1 -4 3

;3 _1_/\’:(1+/\)2—9:(/\+4)(/\—2).

Eigenvectors for A} = —4 and A, = 2 are v; = [-1,1]" and v, = [1,1]". Then
the eigenvalues for B are p; = Aj(A1 + A1) =32, pp = L1 (A + Aq) =8, p3 =
Ax(A1 +Ay) =—4and py = A5(A; + Ay) = 8 with eigenvectors

1 -1 -1 1
-1 -1 1 1
u; =v;®vy = 1 , Uy =V QVy = 1 ,U3 =V ®Vy = 1 ,Ug = Vo QVy = 1
1 1 1 1

Solution to problem page[8

(a) To prove this, we need the identity
vec(ABC) = (C" ® A)vec(B)

which holds for any matrices A, B and C for which the product ABC is
defined. Applying the (linear) operator vec to the expression AX +XB we
can write

vec(AX + XB) = vec(AXI) + vec(IXB) = (I ® A)vec(X) + (BT @ I\vec(X)
= (BT @ A)vec(X)
which holds by the definition of the Kronecker sum.

(b) We can answer this question quickly by considering the eigenvalues of
the matrix BT @ A. Since both BT and A are upper triangular matrices,
we can read their eigenvalues off their diagonals. The eigenvalues of the
Kronecker sum BT @ A are all the possible sums of the eigenvalues of B
and A (see Exercise , ie., 0,1,4,5. Because 0 is an eigenvalue, the
matrix BT @A is singular and the homogeneous system (BT @ A)vec(X) = 0
has non-trivial solutions.

(c) Here we actually compute the Kronecker sum BT @A to obtain the system
matrix of our equation.

1 02 0] [-1 2 0 0] (0220
Tt o102 o 3 0 of_[04 0 2
Bed=Bel+loA=l o 2 o/flo 0o -1 2|70 0 1 2|

0002 lo o o 3 0005



CHAPTER 4. SOLUTIONS 45

By the way, we can confirm this matrix does indeed have the eigenvalues
as claimed in (b). Gaussian elimination for the system (B @ A)vec(X) =
vec(C) then yields the reduced form of the system

0 2 2 0]-2 [0 1 1 0]-1]
0 40 2|2 020 1|1
001 2/1|7]00 1 2|1
000 5|5 000 0 11

[0 1 1 0]-1] 01 000

01 0 0|0 0 01 0]-1

“lo o1 0[-1]7]0 o0 o0 1]1

00 0 11 000 O0]O

We therefore have the equations x, = 0, x3 = -1 and x4 = 1 for the entries
of the unknown matrix

X1 X

X2 X4

with x; being the ‘free’ variable of the system. The general solution for
our equation can then be written as

X:[t _11] for t € R.

Solution to problem page[%

(a) A square matrix A is invertible if and only if N(A) = {0}. This is true if
and only if 0 is not an eigenvalue. Since by assumption all eigenvalues of
A are not negative, this holds if and only if they are all strictly positive.

(b) Let A be an eigenvalue of A and v a corresponding eigenvector, Av =
Av. Since we are assuming the inverse A~! exists, we can multiply this
equation from the left by A~! to get

1
Av=lv = v=MA"lv = Aly= XV

since we know A # 0 from (a). This shows A is an (non-zero) eigenvalue of
Aif and only if A7! is an eigenvalue of A~!. Clearly then all the eigenval-
ues Ay,..., A, of A are positive if and only all the eigenvalues /\Il,..., /\;1
of A~! are positive since inverting a number does not change its sign.

(c) A PSD matrix A (i.e., a symmetric matrix with only nonnegative eigen-
values) can be diagonalised, A = QDQT, with

M
D=
Au

where A4,..., 1, are the eigenvalues and Q is an orthogonal matrix. Let
us define the square-root of D by

n
VD :=
VA,
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and define the matrix S by S = QVDQT. Then we can verify
$?=QVDQ"QVDQ" = QVDVDQ" = QDQ" = A.

Since by assumption all the eigenvalues Ay,..., A, of A are nonnegative,
all the eigenvalues VAq,...,VA, of S are also nonnegative, so S is also a
positive semiedefinite matrix.

Solution to problem page[%

(a)

(b)

This can be done by computing the eigenvalues and verifying that they
are nonnegative, as we will do in (b).

We start by evaluating the characteristic polynomial

224 3 1| [2=A 3 -1
det(A-AD)=| 3 6-1 3 |=| 3 6-1 o0
13 224 |1 3 1-a
224 3 A1
13 6-1 0 :(A—ULEA 6;*
350 60
— (1= A)(18=(3=A)(6- 1)) = A(A=1)(9—A).

To obtain the eigenspace for A; = 0 we compute

2 31 1 2 1 1 2 1 1 0 -1
A~|3 6 3 2 31 0 -1 -1|~{0 1 1{.
1 3 2 1 3 2 0 1 1 0 0 O

We choose a normalised solution to the system, q; = \%[1, -1, l]T, so that
we will have an orthonormal basis of eigenvectors.

For 1, =1 we have

1 3 1 1 3 1 1
A-I~|3 5 3|~|0 -4 0[~]0
1 3 1 0 0 O 0

We choose q, = \/LE[—LO, 1]7. For A3 = 9 we have

-7 3 1 1 1 1 -1 1 1 0 -1
A-9I~|3 -3 3 (~|-7 1]~ -4 8(~|0 1 -2
1 3 -7 1 -7 0 4 -8 0 0 O

We choose q3 = %[1,2, 1.

As explained in Exercise we define VD = diag(0,1,3), Q =[q1,92,93]
and compute

U0 =12 oo
\/Z:Q\/BQT:qzq§+3q3q§=5 00 052 4 2/=/1 2 1.
-1 0 1 1 2 1] [0 11
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Solution to problem page[9 Following the algorithm, we denote

2 8§ 2
S R

Then we compute

1 0 0
8 2 4 -2 4 4
el d el 1% )

This completes the first step. In the next step we repeat the process for A,. We
denote
aj =4, b= [4], B= [5]

and compute

L2=[§ (1)] Ay=5-4=1.

The last step is to compute the square-root YAz = 1 and to compute L3 = 1. To
get the final result it is actually not necessary to explicitly compute the product
in (1.2). Namely, it can be verified that the same result can be obtained simply
by nesting the first columns of the L, L, and L3 matrices into one matrix

1 0 0
L={2 2 0.
-1 2 1

Solution to problem page[10} Note that a matrix X is negative definite if

and only if the matrix —X is positive definite. As the (1,1)-entry of —A is —1, the
matrix —A is not positive definite by Sylvester’s criterion, so A is not negative
definite. On the other hand, for the matrix

4 -6 2
-B=|-6 10 -5
2 -5 14

we have
4 -6
-6 10

Hence, —B is positive definite by Sylvester’s criterion, which means that B is
negative definite.
Let’s find the Cholesky decomposition of Y = —B, which we’ll write in block

form as
4 -6 2 T
6 10 -5 :[3’“ Z].
2 -5 14 z 2

4>0, ‘ ‘:4>O and det(-B)=36>0.

Y=

For the first step we have

L[| Wi 0] 2
1= L ¢ L[~ -3
Vi 1

S = O

—_ O O
[ ———
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Then
1 ¢ [10 =5] 1[36 -12] [1 -2
Yo=Z-——2z ‘[—5 14]_1[—12 4 ]‘[—2 13]'

so, for the second step, we get
Lo|[YTool_f1 o
2712 1|72 1)

The third and final step gives L3 = {/13 — %(—2)(—2) =/9 = 3. ‘Assembling’ L,

L, and L; we obtain

2 0 0
L=({-3 1 0f.
1 -2 3

We have the Cholesky decomposition LLT of Y = —B.

Solution to problem page (11} First, recall that any n x n matrix A can be
uniquely expressed as the linear combination

n
A= Z al-jEi]-
i,j=1

where 4;; is the (i, j)-entry of A and E;; is the matrix which contains only zeros
except for the (i, j)-entry which equals 1. This shows that the set of matrices
{Eij ;i,j = 1,...n} forms a basis for the vector space (R"*",+,-) which we will
call the standard basis. Since we have n? basis vectors this demonstrates that
(R™" +,.) is n? dimensional.

(a) Denote this subset by U; and assume A, B € U;. Since

n

n n
aA+ﬁB:a§:aﬁEj+ﬁ§:bﬁEj=EZUwﬁ+ﬁhﬂEj

ij=1 ij=1 i,j=1

the (1,2)-entry of aA+BBisa-0+5-0=0,1i.e., aA+ BB e U;. Hence, U;
is a vector subspace of IR"*".

For the basis of U; we simply omit E;, from the standard basis of IR"*".
Therefore, a basis of U; has one element less than the standard basis of
R™", i.e., dim(U;) = n® - 1.

(b) For a subset of a vector space to be a vector subspace it must contain all
scalar multiples of all its elements, including 0. The simplest argument
why this subset is not a subspace is therefore because it does not contain
the 0 matrix. Another argument is that this subset is not closed for ad-
dition since adding two matrices with 1 for their (1,2) entries produces
a matrix with 2 for its (1, 2) entry.

(c) This subset contains the 0 matrix and is also closed for addition since
adding matrices with integer entries results in matrices with integer en-
tries. However, this subset is not closed for scalar multiplication. For
instance multiplying any non-zero integer matrix with for instance
will produce a matrix that does not have all integer entries.
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(d)

If we add two upper-triangular matrices, we get an upper-triangular
matrix. Similarly, if we multiply an upper-triangular matrix with any
scalar, the result will be an upper-triangular matrix. This subset, let us
denote it with Uy, is therefore closed for addition and scalar multiplica-
tion and is clearly a subspace. To find a basis for Uy and determine its
dimension, we notice that any matrix A € U, can be written as

A= ZaijEij

i<j

where the sum goes over all the pairs i,j =1,...,n with i < j. So a basis
for Uy is the set {E;j:i,j = 1,...,n, i < j}. This set contains %n(n+ 1)
elements which is the dimension of Uy.

Adding symmetric matrices produces a symmetric matrix, multiplying
a symmetric matrix with any number also results in a symmetric matrix,
so the set of symmetric matrices is clearly a vector subspace.

More formally, denote the subset of symmetric matrices by Us and as-
sume A, B € Us, meaning A" = A and BT = B. We can then easily verify
that any linear combination of A and B is also a symmetric matrix since

(aA+BB)" =aAT +BB" = aA+ BB.

To get an explicit basis for Us we can notice that any matrix A € Us can

be written as .
A= ZuiiEii + Zaij(Eij + E]l)
i=1 i<j
Here, we separated the diagonal elements in the first sum and off-diagonal
in the second sum. This allows us to directly identify a basis for Us as
the set
{Eii 1= 1,...,?1}U{Ei]'+Eji : l,] =1,...,n, i <]}

The number of elements in this basis and hence the dimension of Us is
n+ %n(n— 1)= %n(n+ 1).

Like for the case of symmetric matrices, it is easy to conclude that the
set of antisymmetric matrices is also subspace. Denote the set of anti-
symmetric matrices by Ug and assume A, B € Us, implying AT = —A and
BT = -B. Then

(aA+BB)" =aAT + BBT = —(aA + BB)

showing that any linear combination of antisymmetric matrices is an
antisymmetric matrix. To get a basis we can notice that any antisym-
metric matrix A € Ug can be written as

A= Zﬂij(Eij —Eji).

i<j

This sum does not include any non-zero diagonal elements since an anti-
symmetric matrix necessarily has only zeros on the diagonal. A possible
basis is therefore the set

{Ez]_E]Z : i}j:l,...,n, 1<]}
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and the dimension of Uy is %n(n -1).

To conclude, we mention that the vector spaces bases we identified for
the case of symmetric and antisymmetric matrices together form a basis
for the entire vector space IR, which also agrees with the dimensions
since Sn(n+1)+in(n-1)=n>

The set of invertible matrices is not a vector subspace since it does not
contain the 0 matrix. It is also not closed for addition, since even if A
(and hence also —A) is an invertible matrix, the sum A + (—A) = 0 is not
invertible.

The set of matrices with zero determinant is closed under scalar multi-
plication since if det(A) = 0, then we also have

det(aA) = a" det(A) = 0.

However this set is not closed under addition. A simple counterexample

1 o] fo o] _[1 o0

0 0 0 1| |0 1|
The set of nilpotent matrices is again closed under scalar multiplication,
since N" = 0 implies (aN)" = " N" = 0. But again, this set is not closed
under addition. For instance let

0 0 0 1
A_[l O]andB_[O 0}.

Then we have A2 = 0 and B? = 0, so both are nilpotent matrices. But for

their sum
0 1
C=A+B= [1 0]

we have C? = I (and more generally C* = C for odd k and CK =T for
even k) so it is not a nilpotent matrix.

It is useful to provide a more explicit description of the set Uy, of all
nilpotent upper-triangular matrices. First, let A be a general upper-
triangular matrix with elements ay,...,a, on the diagonal

ay * *

0 a ... *
A=

0 ... 0 a,

If we compute the m-th power of such a matrix, we notice we get a
matrix of the form

m
ay

0 ay ... =

3
¥

A" =
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This means we can have a nilpotent upper-triangular matrix only if all
the diagonal elements equal zero, a; =... =4, =0.
Conversely, if we have an upper-triangular with zeros on the diagonal

0 =+ ... =

0 0 ... =
A=

0O ... 0 O

we can quite directly see that we get A" = 0 (with every multiplication
by A we see we lose an additional line of elements above the diagonal
until none are left).

In other words the set of nilpotent upper-triangular matrices is precisely
the set of strictly upper-triangular matrices, which is clearly a vector
subspace.

Thus any A € Uy can be written as

A= ZaijEij.

i<j
A basis is the set
{Eij : 1,] =1,...,n, l<]}

and the dimension is %n(n -1).

Assume we have two matrices A, B € Uy; from the set of matrices with
zero trace, tr(A) = tr(B) = 0. Then by the properties of the tr operator we
see that any linear combination also has zero trace:

tr(aA+ BB) = atr(A) + ptr(B) = 0.

Thus Uy is a vector subspace. From tr(A) = a1 +az, + -+ +a,, = 0 we
get a,, = —(aj; +axp +---+4a,_1,-1), so one way of explicitly writing a
general matrix A € Uy is

=
—

-
A a;iEjj— (a1 +.. .+ ap_1,n-1)Epn + ZaijEij

i#j

&

_

1

=

aii(Eii = Epn) + ZaijEij-

i#j

—_

i=
A possible basis is then the set
{Ejj—Epn:i= 1,...,71—1}U{Eij i, j=1,...,n, i#j}

The dimension is n—1+n%—n = n?~1. This also agrees with the fact that
we have basically one equation tr(A) = ay; +... +a,, = 0 for the entries
of the matrix A and n? — 1 ‘free’ variables.

Solution to problem [2.2} page[11}

(a)

Recall that the axioms of a vector space (V,+, -) are:
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(VSl) u+v=v+uand (u+v)+w=u+v+w),

(VS2) there exists a zero vector 0 and v+0=0+v =v,

(VS3) for each v € V there exists an inverse vector —v, such that v+(-v) =
(-v)+v=0,

VS4) 1-v=v,

VS5) (ap)-v=a-(B-v),

VS6) (a+B)-v=a-v+§-v,

VS7)a-(u+v)=a-u+a-v,

(
(
(
(

forall u,v,we Vand o, €R.
We need to verify that conditions (VS1)-(VS7) hold for (R*,®,®). Pick
arbitrary x,9,z € R* and «, € R. Here we go:

(VS1) x@y=xyp=yx=98x, x®(y®z) = x(yz) =xyz = (xp)z2 = (x®Y) Dz,
(VS2) for 1 e R* wehave x® 1 =x-1 = x, i.e,, 1 acts as the zero vector in
IR*; 0 =1 (and this is not contradictory),

(VS3) let’s use the (ad hoc) notation ©x = 1/x (this is well-defined since
x#0), then x® (6x) = x - % =1, which is the zero vector in R,

(VS4) 1ox=x'=x,
(VS5) (af)ox =x% = (xF)* =a 0 (fOx),
(VS6) (a+p)ox=x4"F =x%P = (a0x)®(BOX),
(VS7) a0 (x®p) = (xp)* =x%9? = (¢ 0x)® (¢ OY),
hence (R*,®,0) is a vector space over R.
(b) Note that every x € R* can be written as x = ¢l°8* = (logx) @e, i.e., every

x € R" is some scalar multiple of e (the base of the natural logarithm).
Hence {e} is a basis for (R*,®,©) and dim(R*) = [{e}| = 1.

Solution to problem page[11}

(a) While we could check the axioms of a vector space as in the previous
problem, let us solve this with some ingenuity. Let R*® := RxRx---
be the set of all sequences (ag,ay,4a,,...). (This is the countably infinite
cartesian product of R’s.) This set is a vector space over R, for operations

defined by
(un) + (bn) = (an + bn) and 0((11”) = (aay),

for (ay), (b,) € R® and a € R. We invite the reader to prove that this is
a vector space. (The proof can be copied practically verbatim from the
proof that IR" is a vector space with the usual operations.)

Note that F is a subset of IR® and that the vector space operations on R*
agree with those defined on the set F. Now, we only need to prove that
F is a vector subspace of R*™. So let’s pick (a,),(b,) € F, i.e., sequences
with properties a,, =4, +4a,_, and b,, =b,_1 +b,_, for all n > 2. Also
pick a, 8 € R. Then

aay+pb, = ala,1+ay2)+p(by1+by2) = (aa,_1+pby1)+(aa, 2+pb,2),

hence a(a,)+ (b,) € F, i.e., it is a Fibonacci sequence and F is a vector
subspace of R*. Therefore, F is also a vector space by itself.
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(b) Note that every Fibonacci sequence (a,,) is completely determined by its
two initial terms, ag and a;. Set

(fu)=(0,1,1,2,3,5,8,...)
and (g,)=(1,0,1,1,2,3,5,...).

Now, any Fibonacci sequence (a,) with initial terms gy and a; can be
written as (a,) = ag(f,) +41(g,), and, since (f,,) and (g,) are linearly in-
dependent, the set Br = {(f,,),(g,)} is a basis of F.

In this basis, we have

(1,1,2,3,5,8,13,...) = (fu) + (gn)-

Solution to problem page[12} We need to prove that for any X,Y € U and

any «,§ € R we have aX + fY € U. So we pick arbitrary X,Y e U and a,f € R.
Now, X,Y € U means that XN = NX and YN = NY, and we have

(aX +BY)N = aXN + BYN = aNX + pNY = N(aX + pY),

hence aX + BY € U and U is a vector subspace of R>*?,
To determine a basis, we need the actual matrix N. Write

A:[i Z]
The equation AN = NA becomes
[a bHO 0]:[0 OHa b] [b 0]:[0 o] . b=0, 0=0,
c df|1 0 1 Of|lc d d 0 a bl ° d=a 0=0b.
Hence, a matrix A € U must be of the form

a 0 1 0 0 0
A_[c a]_u[o 1]+c[1 0]_aI+CN,

where a,c € R are arbitrary. Now, I and N are linearly independent, so By =
{I, N} is a basis for U and dim U = 2.

Solution to problem page[12}

(a) Note that the zero polynomial is 0 = 0 x + 0, and this is not contained
in Uy, since a = 0. That means that U; does not contain the zero poly-
nomial and Uj is not a vector subspace of Ry [x].

(b) Pick p,g € U, and «, p € R. We have

(ap+Bg)(0)=ap(0)+pq(0)=a-0+p-0=0,

i.e. ap+ Bq € Up and U, is a vector subspace of R;[x].
(c) No. This subset clearly does not contain the zero polynomial.
(d) Again, pick p,q € Uy and a,f € R. Then

(ap+pg)'(3)=ap”(3)+pq"(3)=a-0+$-0=0,

i.e. ap+ Bq € Uy and Uy is a vector subspace of R, [x].
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Solution to problem page Note that A is invertible and A~'AA~! = A71,
i.e., Al isnonzero and A~} e W. Also

(A THARA ) =4A 2247,

so W is not closed under scalar multiplication (nor is it closed under addition),
hence W is not a vector subspace of R>*2,

On the other hand, for any two matrices X,Y € V, i.e., any two matrices
X,Y € R¥? such that XA+ AX =0 and YA+ AY = holds, and any a,8 € R we
have

(aX +BY)A+A(aX +BY) = a(XA+AX)+B(YA+AY)=a-0+p-0=0.

Therefore, X + BY € V and V is a vector subspace of R2*2,
Let’s find a basis of V. Write

X X
x = [*11 12
X1 X22

The equation XA + AX = 0 becomes
X11 X172 1 -1 + 1 -1 X11 X172 _ 0 0
X21 X22 0 -1 0 -1 X21 X2 {0 0

[2x11—x21 —xll—xzz]:[o 0].

or

0 —X31 — 2X22 0 0

This gives us equations 2x71 —x,1 =0, —x1; — x5, = 0 and —x,; —2x,, = 0. Hence
X171 ==Xz and X1 = —2x39,

while x1, and x,; are arbitrary real numbers. So, a general matrix X € V is

| =X22 X121 _ 0 1 -1 0
X = [—2X22 X22] _x12|:0 0]+X22 [_2 1 for X12,X22 eR.

One possible basis for V is therefore
0 1](f-1 0
s=o ol 1)

Solution to problem page[13} The proof that R[x] is a vector space follows

the same argument as the proof that R, [x] is a vector space. It is routine and
left to the reader. The (infinite) set of polynomials

and dim(V) = |By| = 2.

B={1,xx%x%..)
is clearly contained in R[x]. Moreover, for any p € R[x] we have

p(x) = ag+a;x+a,x* +---+a,x",
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i.e., p is a linear combination of polynomials in 5. Since the elements in 3 are
linearly independent (as they are polynomials of different degrees), the set B
is a basis for IR[x]. Now, B has infinitely many elements, hence dimR[x] = co.
For the subspace W; every polynomial p € W has zeroes 1 and —1, so it must
be divisible by (x —1)(x + 1) = x> — 1. Again, there are infinitely many linearly
independent polynomials in R[x] with this property. Namely, the set

By = {x*-1,x(x* =1),x*(x* = 1),...}

is a basis for W and dim W = co.

Perhaps, we should be more precise in dealings with infinities. The ‘amount
of elements in B is the same as the ‘amount’ of elements in the set of the natu-
ral numbers IN. Actually, the map N — B, n +— x" is a bijection. (Here, 0 is a
natural number.) So, in more precise notation,

’

dimR[x]=8; and dimW =K,
where X, = |IN| is the cardinality of the set IN.

Solution to problem page([13} Pick f,ge V,ie, f"+f=0and g"+g=0,
and a, p € R. Then

(af +Bg)"+(af +Bg)=af’+pg" +af +pg=alf"+f)+p(g"+g) =0,

ie. af + Bge V,s0 Visa vector subspace of C*(0,27).
To determine its basis recall that the general solution to the second order
linear differential equation y” +y =0 is

y(x) = Cycosx + Cysinx,

i.e., a linear combination of functions cosx and sinx. As these two functions
are linearly independent (as the reader will verify), the set

By = {cosx,sin x}

is a basis for V.

Solution to problem page[13}

(a) To shorten the notation, we set A =[1 ], so that 7(X) = AX + XA. Then,
for any X,Y € R?*2 and any &, 8 € R, we have
T(aX+pY)=A(aX+BY)+(aX+BpY)A=aAX +BAY +aXA+pYA
=a(AX+XA)+B(AY +YA) = at(X) + pt(Y),

i.e., T is a linear map.

(b) We need to evaluate 7 at each of the basis vectors, and then express that
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evaluation as a linear combination of basis vectors. We get

(Ery) = [1 o]\ [1 1][1 o"+'1 offr 1] [2 1]
W="\10 of/ |1 offo o|l"]o offt ol |1 o
=2E; +E1p+Epyp,
(Epy) = 7 [0 1]\ _[1 1][0 1'+'0 fr 1] 1 1
12‘»00<‘>10_>00>0010‘01
=E;; +E;p+Ep,
T(E)T'o of\ [1 1 o'+'0011_10
2075 of) {1 offt ofTf1 oflr ol |1 1
=Ej; +Ey +Ep,
T(E)T’oo_’l 1][o o 1 1] _[o 1
22270 1]) [t ollo 1|"|o 1]|1 o]l |1 o
=Ejp+Ey,

hence, the matrix corresponding to T with respect to the standard basis
of R?*? is

21 1 0

1 1 0 1
Ac= 1 0 1 1
01 10
(The columns of A, correspond to coefficients in the expressions of (E;;)
as linear combinations of E;;’s.)

Solution to problem page[14
(a) For p,q € R3{x] and «, 8 € R we have
¢lap+pq) = (ap + pq)(A) = ap(A) + pq(A) = a¢(p) + p$(q),

i.e., ¢ is linear.
For 1,x,x% and x3 we have, with a slight abuse of notation,

.11 0 242 |5 4
¢(1)_I_|:0 1:|’ (P(X )_A _[4 5:|l
a1 2 3, .3 _ |13 14
Plx)=4 ‘[2 1]’ Py =4 ‘[14 13)’
so the matrix corresponding to ¢ with respect to the bases {1,x,x?,x3}

and {E;y,E13,Epq, Epp} is

13
14
14|
13

—_N N =
G Ol
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(b) By the Cayley-Hamilton theorem, A4(A) = 0 (the zero matrix), i.e., Ay €
ker ¢. Let’s evaluate A 4(x):

1-x 2

_ 2 _
5 1_x_x 2x— 3.

Ap(x)=det(A—xI)= ’

Of course, any multiple of A4(x) will also annihilate A, in fact any poly-
nomial that annihilates A is divisible by A4(x). One possible choice for
a basis of ker ¢ is

{Aa(x), xA4(x)} = {x% = 2x = 3, x(x* — 2x — 3)},

which means that dim(ker ¢) = 2.
(c) Note that g(x) = xA(x), so A is contained in that set. Moreover, q(B) =0

for the matrix
30
B [0 0].

It can be directly checked that g(A + B) # 0, which means that the set
in question is not a vector subspace of R>*?. (How did we guess B?
Note that g(x) = x(x + 1)(x — 3), so any 2 x 2 matrix with two different
eigenvalues picked from {-1,0, 3} will be annihilated by gq.)

Solution to problem page[14

(a) This is direct. Assume aa+fb+yc=0,i.e.,

o 1 1 0]|a 0
aa+pb+yc=J[ab,c][f|=|1 0 1([B|=]0].
14 0 1 1]y 0

A quick Gaussian elimination on the matrix [a,b,c] helps us show that
[a,B,7]" =[0,0,0]" is the unique solution to this system, hence a, b, and
c are linearly independent. Since we have three linearly independent
vectors in a vector space of dimension 3, they must constitute a basis of
that vector space.

(b) This is also direct. Since we are already given 7 on these three basis
vectors, we simply read off the coefficients:

1 1 1
0 1 o0f.
0 0 1

(c) While we could also do this directly (and a bit tediously), we rather start
with a diagram:

ABB =

(R3, B) (R3, B)
Ar,B,B
id [ Aiq,s.B id l Aid,B,8
(R3,S) (R°,S)

Ars,s
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The nodes on this diagram represent vector spaces along with their as-
sumed bases, while the arrows represent linear maps and the corre-
sponding matrices with respect to the assumed bases. Note that K :=
Aigps =[ab,c],and Ay s 5 = K~!. Hence, since T = ido T oid (the T on
the left hand side is the bottom 7 in our diagram), we have

-1
Ars,s =AigBs,s ArBB Aidss Of Arss=KA; 35K .

After evaluating K~!, and multiplying that triple product, we get

1 0 1
Arss=10 1 1J.
00 1

(d) The vector [1,1,1]" is given in the standard basis, we could (with exces-
sive use of ornaments) write

1
1l=i+j+k=
1

)~

We could also have used the matrix corresponding to 7 with respect to
the basis 3. Note that

—_ = =
L J

Therefore

o 1
1 f
1| =s(a+b+c)=|5
1. 2 I
L2 1s 218
Hence,
1 1 [3
—A1,B,B| 7 = %
1 1 I
21 L2138

That last column represents %a + %b + %c, which is exactly [2,2,1]T (in
the standard basis).

Solution to problem page[14
(a) Pick arbitrary p,q € R3[x] and «, 8 € R. Then

(ap +Bg)(- ) p( 1)+ Bg(-1)
¢lap+pq) =| (ap+ Bq)(0) ap(0)+ Bq(0)
ap+ﬁq() ap (1) +Bq(1)

q(
q —(X(l) +ﬁ¢( ’
q(1

i.e. ¢ is linear.
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(b) For any p € ker ¢, by definition, ¢(p) = 0 must hold. In our case that

means that
p(=-1)] [o
¢(p)=| p0) [=]0],
p(1) 0
or p(-1)=0, p(0)=0, p(1) =0, i.e., -1, 0, and 1 are zeroes of an at most

degree 3 polynomial p. One choice for p is p(x) = (x+ 1)x(x — 1) = x> — x.

Any other polynomial contained in ker ¢ must be a scalar multiple of
that p, since there are no higher degree polynomials in R3[x]. Hence,
Byer¢ = {x® - x} is one possible basis for ker ¢.

(c) Let’s evaluate ¢ at the basis polynomials 1, x, x2 and x3:

1 -1 1 -1
1>=H, qb(x):[OI, ¢(x2):H, ¢(x3):[0}.
1 1 1 1

Hence, the matrix corresponding to ¢ is

1 -1 1 -1
Ap=11 0 0 0].
1 1 1

Solution to problem page[14 Linearity of  essentially follows from the
linearity of derivation, scalar multiplication, and addition. We have

Plap +Bg)(x) = (x(ap + pq)(x +1)) = 2(ap + fq)(x)

= (axp(x+1)+ Bxq(x+1)) = 2ap(x) - 2p4(x)
a(xp(x+1)) + p(xq(x + 1))~ 2ap(x) - 2pq(x)

a((xp(x+1))" =2p(x) + B ((xq(x+ 1)) - 2q(x))

a

P(p)(x) + Bp(q)(x)
for any p,q € Ry[x] and any @, B € R, i.e., ¢ is linear.

To determine the matrix corresponding to i) we evaluate ¢ on 1, x, and x°.
With slight abuse of notation, we get

PI)(x) = (x-1) =21 =1-2=—1,
Px)(x) = (x-(x+1) =2-x=(x"+x) = 2x =2x+1-2z=1,

P (x) = (x-(x+1)2) =2-x2 = (P +2x% +x) =267 = x> + 4x + 1.
So, with respect to the basis {1, x, xz}, the matrix corresponding to 1 is

-1 1 1
0 0 4,

0 01

Alp:

Finally, determination of ker ¢ and im ¢ might be easier by means of N(Ay)
and C(Ay) in this particular case. Note that A, is a rank 2 matrix, with columns



CHAPTER 4. SOLUTIONS 60

2 and 3 linearly independent. Those two columns express polynomials 1 and
1 +4x+x? with respect to the standard basis. (Namely, {(x) and 1(x?).) Hence,

Bimy = {1,x% + 4x+ 1}
is a basis for imi) and im ¢ is determined. A quick Gaussian elimination on
Ay gives
1 -1 0
0 0 1].
0

0 0

AIP_>

i.e., columns of the form [x,,x,,0]" are contained in N(Ay), or [1,1,0]" is a
choice for the sole basis vector of N(Ay). That means that

Bkerlp ={x+1}
is a basis for ker.

Solution to problem page[15}

(a) This is direct:

¢(ax+ By) = (ax+ fiy)aT = axa' + ﬁyaT
= ap(x)+ Bo(y).

This holds for any x,y € R? and any a, € R, i.e., ¢ is linear.

(b) The standard bases of R?> and R*>*? are {[(1)],[(1)]} and {Eq1,E12,E>1,Epn},
respectively. We have

)=l 1=fs 2J=reere
o[ S O s

so the matrix corresponding to ¢ is

Ay =

OO ==
—_— -0 O

(c) Note that Ay is of rank 2, hence dim(im ¢) = dim(C(Ay)) = 2, and, since
dim(ker ¢) + dim(im ¢) = dim(RR?) = 2,

we must have dim(ker¢) =0.

(d) The two (linearly independent) columns of Ay represent matrices

11 0 0
[o o}'and [1 1]'

which, of course, constitute a basis for im ¢.
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Solution to problem page[15

(a) For any p,q €V and any «, € R we have (using the definition of vector
space operations on polynomials and the fact that derivation is linear)

(ap+pg)(1)  (ap+Bq)(1)

1
_ P P D] la(-1) /(=D _
‘“[pu) P'(l)]+l3[q(1) qf(l)]—a¢(p)+/3¢(q),

¢(ap+ﬁq):[(ap+/5q)(— ) (ap+/3q)’(—1)}

i.e., ¢ is a linear map.
(b) Note that (1)’ = 0, (1 —x?)" = —2x and (1 + x*)’ = 4x3. Evaluating ¢ at
polynomials from the basis B therefore gives

¢(1):[i 8] ¢(1—x2):[8 _22] and ¢(1+x4):[§ ‘44].

Hence, the matrix corresponding to ¢ with respect to the (ordered)
bases B = {1, 1 —X2, 1+ X4} and S]RZXZ = {Ell’E127 E21,E22} is

1 0 2

0 2 -4
Ap =11 0 21/

0 -2 4

(c) Let’s determine N(Ay). After a quick Gaussian elimination on Ay we

get
1 0 2
0 1 -2
A~1o 0 o
00 0

so a general solution to Ayx = 0 is the column

—Z.X3 -2
X = 2X3 =X3 2 1.
X3 1

The polynomial determined by that column (with respect to the basis B
of V) is

x3(=2-1+2-(1=x))+1-(1+x)) = x3(x* = 2x% +1) = x5(x* = 1)?,

where x3 is an arbitrary real number. Hence, Byery = {(x?2 =1)?} is one
possible basis for ker ¢.

From dim(ker ¢) + dim(im¢) = dim(V) = 3 and the (just established)
fact that dim(ker¢) = 1 we obtain dim(im¢) = 2. Since the matrices
¢(1) and ¢(1 —x?) from (b) are clearly linearly independent, a choice of

basis for im ¢ is
1 0|0 2
S (R 1
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Solution to problem page[15

(a)

(d)

(e)

Pick zq,2z, € U + V. By the definition of U + V, we can write z; and z, as
z; = uy+vy and zp = uy+v, for some uy,u, € U and vy,v, € V. Therefore,
for scalars aj,a; € R,

@121 + a2y = ay (U +v1) + ag(uy +vp) = (aguy + aruy) + (@ vy + ayv3),

which is an element of U + V, since U and V are vector subspaces of W.
Hence, U + V is a vector subspace of W.
The proof that U NV is also a vector subspace is left to the reader.

For (u,v),(u’,v’) € U xV and a € R define

(u,v)+(u",v) = (u+u’,v+v),

and a-(u,v):= (au,av).

(Note that the operations on the right side are the vector space opera-
tions in U and V, while the operations on the left side are newly defined
operations.)

The routine verification that U x V is a vector space with these opera-
tions is conveniently left to the reader.

Pick bases {uy,uy,...,u,,} and {vy,vy,...,v,} of U and V, respectively. As
the reader will verify, the set

{(ulr 0)! (”2’ 0)1- sy (”m' O), (0,7)1), (01 V2)! cees (01 vn)}

is a basis of U x V. Hence, dim(U x V) = dim(U) + dim(V).
Let’s pick (uy,v1), (4p,v2) € UXx V and a4, a; € R. We have

Play(ug,v1) + az(up,vz)) = Pplajuy + azuy, ayvy + avs)
= (aguy + azuy) — (a1 vy + ayvy)
=ay(u; —vy)+as(uy —vy)

= alq[)(ul,vl ) + az(P(Mz,Vz):

i.e., ¢ is linear.
To determine ker(¢) we solve ¢(u,v) = 0 or u —v = 0, which means
u = v. Note that, since u € U and v € V, this also impliesu =ve UNV.
Therefore

ker(¢) ={(z,z):ze UNV}.
The image of ¢ consists of vectors ¢(u,v) =u—-vforue U andve V.
We can rewrite this as ¢(u,—v)=u+v,ie., im(¢)=U+ V.
Linearity of 1 is obvious. Since 1(x) = (0,0) implies x = 0, ¢ is injective.
Surjectivity of 1 is clear from the description of ker ¢ above.
We have

dim(U + V) +dim(U N V) = dim(im ¢) + dim(ker ¢p) = dim(U x V)
=dim(U) +dim(V).
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Solution to problem page[16; The Jacobian matrix is

Jp = cosqp —rsing
F=lsing rcosg

and the Jacobian determinant is

cos@ —rsing

. :rcosz(p+rsin2(p=r.
sing rcos¢q

det(Jp) =

Solution to problem page[16; The Jacobian matrix is

cosgp -rsing 0
sing rcosgp Of.
0 0 1

Jr=

The Jacobian determinant is the same as for the case of polar coordinates

cosqp —rsingp 0
det(Jg) =|singp rcosep O0|=
0 0 1

cos@ —rsing
sing rcosg

Solution to problem page[16; The Jacobian matrix is

cosOcosp —rcosOsing —rsinfcos@
Jgp=|cosOsing rcosOcosp —rsinOsing
sin@ 0 rcosf

Computation of the Jacobian determinant requires a little more work than for
polar and cylindrical coordinates:

cos@cosqp —rcosOsing —rsinfcosq

det(Jg) =|cosOsing rcosOcosqp —rsinfsing
sin @ 0 rcos 0
cosfcosqp —cosOsing —sinBcosp
=r?|cosOsing cos@cosqp —sin@sing
sin0 0 cos0
2( .. ,|-cosOsing —sin0cosqp cosBOcosp —cosOsing
=r-|sinf . ) .
cosBcosp —sinOsing cosOsing cosOcosp

—singp —cosg

. cos’o
cos@ —sing

r? (sin2 O cosO

cos@ —sing
singp cos@

r?cos 0 (sin2 O(sin? o+ cos? @) + cos® O(cos? o+ sin? (p))

=r%cosO(sin” 0 + cos> 0) = r* cos 6.

Solution to problem [3.5} page[17}
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(a) With a rectangular domain of integration, this one can be directly eval-
uated

Jj (5-x-y)dxdy = Ll (Ll(S—x—y)dx)dy = J;l (Sx— x_; —xy)
[0,1]x[0,1]
[ boe(2%

(b) From x? + % = 2 we get y = +V2—x2 and, since ¥
y > x > 0, only the solution y = V2 —x2 is relevant. V2
We'll integrate along v first. Our integral becomes

x=1

dy
x=0

|

<

+

v 1 V2-x2 1 }/2
_fJDx+1dXdy:J;[L x 1dy]dx:fo 2(x+1) dx

1y _2_,2 1 _
:J Zx_xdxzf A+x){-x)
0 2(X+1) 0 1+x

(c) Let’s try directly as the boundaries are given, i.e., ¥
along p first (with 0 <y < x) and then along x (with 7
0 < x < m). We have

. 18 X s T s —
fj Smxdxdy:f (f Smxdy)dx:j smx.y’y xdx
D X 0 o X o X y=0

TT 3 T
sinx .
:J -xdxzj sinxdx = 2.
o X 0

(d) Since our domain of integration is whole IR?, the boundaries for x and y
are +oo. We have

J];RZ eV dxdy = J. (f e ey’ dx)dy = j eV’ (J e dx)dy
AL ra ]

(The last equality follows after renaming the variable y in the second
definite integral to x. A variable doesn’t know its name, after all.) So,

denoting K = HIRZ e x' v’ dxdy and L = Lo:o e dx, we have K = L2,
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We'll evaluate K using polar coordinates
x=rcos@, y=rsing, det(Jg)=r.

The boundaries for r and @ are 0 <r < oo and 0 < ¢ < 27. We obtain

00 271 o 27
K:J (I erZCOSZ‘PrZSIHZ‘fJ-rd(p)dr:j (J rerzd(p)dr
0 0 0 0
00 oo _—t
:27-(—[ re_rzdr:2r(—f e—dt=7‘c,
0 0o 2

where we substituted a new variable t = 7 into the (single) integral in
the second line.
Finally,

L:j e*Xde:\/E:\/E.

—00

Solution to problem page[17} Let’s determine the domain of integration:
The projection of the intersection of the paraboloid z
z = 8-x%-y? and the plane z = -1 onto the xy-plane
is the curve given by

8-x?-y?=-1 . x*+y°=9,

i.e., the circle of radius 3 centered at the origin. The »
domain of integration, call it D, is the closed disk -
bounded by that circle. We can express the volume
of the solid as a double integral in polar coordi-
nates x = rcos@, y = rsin¢, det(Jg) =r:

[0t [ s -0

=3 81m

Solution to problem page[17} Polar coordinates are an ideal choice for this

problem. The boundaries for r and ¢ for that quarter of the disk D in polar
coordinatesare 0 <r<Rand 0 < ¢ < % Moreover,

p(x,v) = \/x2 +y2 = \/rzcosz(p+rzsin2(p =r.

Hence, the integral for the mass of D is

R( rZ x (R
m= X2 +y2dxd :f J. r-rd ]dr:—j r2dr

7ir3

6

=R xR3

r=0 6
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The coordinates of the center of mass are

= —jf x x2+y2dxdy— [J‘z rzcos(p-rd(p]dr
0
6 Jr dr f d 6 R4 1—ﬁ
TaRe\ J, , SPIP)TI R Y T

:_J.jy x2+y2dxdy—Tj (erzsingo-rd(p]dr
0

= rdr “singd S R—4~1—ﬁ

T(R3 , SPAPIE IR Y T T o

Solution to problem page The surface z2 = x? + y? is an infinite cone

and

with (double) apex at the origin, while the surface z
x%+y?+2% = 4 is the sphere of radius 2 centered at
the origin. Since z > 0, our domain of integration
D is the ‘top’ conical cutout from the ball of radius
2 centered at the origin. In spherical coordinates,
that domain is given by boundaries

s T
<r<2,0<@<2n, —<0<—
0<r 0<@p<2n 4_9_2
Hence,
w( 3
-UI (9,2 dxdydz—f [J- [f rzcosede]dqo]dr
i
27 r3 r=2 0=%
:(f r dr)(j dqo)[f cos@d@] ( ) 27 -sin 0
0 0 I 3l=0 0=1
8

V2\  8m(2-v2)
- 3'2”'(1_7)27'

Judging from the symmetry of our domain (and the fact that p is constant),
we deduce that x* = 0 and y* = 0. (Still, the reader is invited to verify that by
evaluating corresponding integrals.) For z* we have

= —-Hf zp(x,v,2)dxdydz
o \/_ J (Izn(J-zrsinG r cos@d@]d(p]dr

:mwu o st

3 24n1_2+\/’
n(2-v2) 4 4 8
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since

7 1 (2 1
J.n sir19cos(9alf):§fZ sin(26)d9:T6:%:T:Z.

4

Solution to problem page We can rewrite the inequality x* +y? +2? <
2z of our domain D as

Pay?e?-2z41<1 o Kyt e(z-1)2 <,

i.e., our domain of integration is the ball of radius z
1 centered at (0,0,1). If we ‘plug spherical coordi-
nates’ into the inequality x> +y?+2z? < 2z, we obtain

r2 < 2rsin o,

and, since r > 0,
r<2siné,

which gives us integration boundaries for r.
Let’s start with the mass of this ball. Since p(x,y,z) = /x> +y2+2z%2 =1, we

have

27 z 2sin0
m:l[f ,/x2+y2+zzdxdydz:J‘ (f (J r-r2c056dr)d6]dq0
D 0 o \Jo
27 z 4 r=2sin6
= d J cos@ - —
[ sl e
1
:SRJ t4dt:8—n,
0 5

where a new variable t = sin O was introduced in the last line.
Now the coordinates of the center of mass; let’s start with

1 [
* 2 2 2
z = JIJ ZA[X“+ Y+ 2 dxdydz

D
5 27 z 2sin 6
= — (I (J rsinG'r‘rzcosedr)dG]d(p
871 Jo 0o \Jo

r=2sinf

%
d@) = 271-[ 4cosOsin*6do
r=0 0

5 % r5 % 6
=—~2ﬂf sin@cos(?g d@zSJ- cosOsin®0do
0 0

81

1
8
=8f t0dt ==,
0 7

Note that x* = 0 and y* = 0, since fozn cospdep =0 and Jozn sinpdp = 0. (The
reader is invited to work out the details.)

r=0
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Solution to problem page From p? -2 <2-x? we get x> +y2 <4, i.e.,
the projection of this solid onto the xy-plane is the disk of radius 2 centered at

the origin.
The volume is

V= JJID dxdydz = J:[LG[ r;; C(:S :) rdz] ]
[

For the mass, we get

2 27 27r2c052(p
m= JI[ v?dxdydz = f (J (j r?sin’ ¢ - rdz]dqo]dr
D 0 0 r2sin% p-2
2 2n 21 2
:J- (j (4—r?)r’sin? (pd(p)dr:(J- sinz(pd(p)(f (4r3—r5)dr)
0 0 0 0

1 g \|? 16w
—— ol = =
2T (r 6)

= 8.
r=0

r=0 3

Solution to problem page[18;
of of 1"

(a) Let’s start with the evaluation of the gradient of f; grad(f) =|3;, £
or the two partial derivatives:

I . i
5_396 8x+2y,a—y_2x 2y.

Stationary points of f are solutions of grad(f) =0, i.e.,

aif o . 2 _
5—0 L 3x —8X+2}1—0,
af
8_y_0 2x—2y—0.

We get v = x from the second equation and, plugging this into the first
equation, we get

3x2-6x=0 . 3x(x-2)=0,

i.e., x; =0, x, = 2, so the stationary points of f are T;(0,0) and T,(2, 2).
We’ll use the Hesse matrix of f to determine the type of these stationary

points:
P f  If
%z oxov 6x—8 2
Hf(xxy)=]grad(f)(x’y):{8§f 77 :[ 2 ‘2]'
dydx  Jy?

In particular, at the stationary points T; and T, we have

-8 2

Hl :Hf(o,o):[z 9

] and H, ::Hf(2,2):[42L _22].
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Now, det(H;) = 12 and, since the (1,1)-entry of H; is —8 < 0, the matrix
H; is negative definite by the Sylvester’s criterion. Hence, T} is a local
maximum. For H,, we have det(H,) = —12, so the two (real) eigenvalues
of H, are of opposite signs, H, is indefinite, and T; is a saddle point (i.e.,
not a local extremum).

Let’s find stationary points first:
% =(x+1)e* =0,
98
= =2 1)e? = 0.
7y (v+1)e¥ =0

This system is particularly simple, and (x;,y;) = (-1,—-1) is the only so-
lution. So T;(-1,-1) is the stationary point of g.
The Hesse matrix of g is

| (x+2)e* 0
Hg(x'y)‘[ 0 2(y+2)ey]’

which, evaluated at the stationary point T3, is
Lo
e[} )

Now, this is a diagonal matrix with positive diagonal entries, i.e., all
eigenvalues of H; are positive and T is a local minimum.

Again, we start with the stationary points:

oh
ox
oh
.

=—(1+¢¥)sinx =0,
=eY(cosx—y—-1)=0.

First equation forces sinx = 0, i.e., x; = k7 for k € Z. Plugging this
into the second equation we get cos(xx) -y —1 = (-1)k - y-1=0or
Yk = (-1)f—1. (That is, yx = 0 for k even and y; = -2 for k odd.) There
are infinitely many stationary points Tj(k7t,(—1)¥—1), one for each k € Z.
Now, the Hesse matrix of h is

—(1+e¥)cosx —e¥sinx ]
7

Hh(xzy):[ —eVsinx eY(cosx—y—2)

which, at stationary points Tj evaluates to

-2 0

H, := Hy(krt,0) = [ 0

} for k even,
1+% 0
and Hj := Hy(km,-2) = [ 0‘32 _L} for k odd.
e2
Hence, for k even Hj is negative definite (since all its eigenvalues are
negative), and Ty is a local maximum for k even. For k odd Hy is indefinite
(since it has a positive and a negative eigenvalue), so Ty is a saddle point

for k odd.
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(d) Again, we start with the stationary points:

dk 2
e 3x°-3yz=0,
% :3y2—3xz:O,
9y
dk
3_3) =6z—-3xy =0.
Third equation implies z = % We plug this into first two equations to
get
o3y Yoo oafx-L) =0
X y ) = s X 3 - Y,
SSCTP PO N S (P B
Y > = 3y ) =0

From the first one of these two equations we conclude that either x = 0

2
or x = 4. In case x = 0, we get y = 0 from the second equation, and,
since z = %, z = 0. We have the first stationary point T;(0,0,0). In case
2
X = % we have

4 3
3;}(3}—%):0 3y2(1—%):0.

Since we already covered the case y = 0, the only remaining option is
y = 2, and therefore x = 2 and z = 2. The second stationary point of k is
T,(2,2,2).

Now, the Hesse matrix is

6x -3z -3y
Hy(x,9,2)=|-3z 6y -3x]|.
-3y -3x 6

Evaluating at stationary points T;(0,0,0) and T,(2, 2,2) we have

000 12 -6 -6
Hy :=Hi(0,0,00={0 0 0| and H,:=Hi(2,22)=|-6 12 -6|.
00 6 -6 -6 6

The matrix H; is semidefinite (but not definite), hence the type of station-
ary point Ty cannot be determined from second derivatives alone. (And
we’ll leave T; as is—of undetermined type.) We'll use Sylvester’s crite-
rion to determine the definiteness (or lack of it) for H,. We have

12 -6

12>0, 6 12

' =108>0, det(H,)=-648<0,

i.e., H; is indefinite and T; is a saddle point.
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(e) Note that the function r is not sensitive to a permutation of variables,
so all three partial derivatives can be obtained from % with a suitable
permutation of variables.

Let’s start with the stationary points:

ar
;—2X—2y2—0,
ar
a—y—2y—2xZ—O,
ar
5—22—29@/—0.

From the third equation, we have z = xy, therefore the first two equa-
tions become

x—y-xy=x(1-y%) =0,
y—x-xp=p(1-x?)=0.

From the first equation we have that either x = 0 or 1 —y2 = 0. In case
x =0, we have z = 0 and also y = 0 from the second original equation.
The first stationary point is T; (0,0, 0). In case y = +1 we get +1-(1-x?) =
0, so x = £1. (N.b.: We have the two possibilities x = +1 for each of
the possibilities y = +1.) Since z = xy, we get four additional stationary
points

Ty(-1,-1,1), T3(-1,1,-1), Ty(1,-1,-1),and Ts(1,1,1).

The Hesse matrix is

2 -2z -2y
H,(x,9,z)=|-2z 2 -2x|.
-2y -2x 2

Evaluating this at stationary points Tj,..., T5 and denoting these matri-
ces by Hy,..., Hs we obtain

2.0 0 2 -2 2 2 2 =2
Hy=|0 2 0|,Hy=|-2 2 2|,H;=|2 2 2],
0 0 2 2 2 2 -2 2 2
2 2 2 2 -2 -2
Hy=|2 2 =2|,Hs=|-2 2 -=2|.

2 -2 2 -2 -2 2

Now, H; is clearly positive definite, so T} is a local minimum. Note that
H,,...,Hs are indefinite by the Sylvester’s criterion, i.e., they all have

the (1,1)-entry positive, while det(H;) = --- = det(Hs) = —32. (In fact,
the matrices Hj,..., Hs all have eigenvalues —2,4,4.) Hence, T5,... T are
saddle points.
(f) Stationary points:

du

— =3x>-3p=0,

ox y

d

2L Z3p2-3x=0
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So, from the first equation, y = x2, hence x* — x = x(x3 —1) =0 from

the second equation. This gives us x; = 0 and x; = 1, hence y; = 0 and
1, = 1. We have two stationary points, T1(0,0) and T,(1,1).

The Hesse matrix is
6x -3
H“(x’y):[—3 61/]’

and, evaluating at stationary points we get

0 -3

-3 0

Hy = Hu(0,0):[ e

] and H, ::Hu(l,l):[6 _3].

A quick application of Sylvester’s criterion reveals that H; is indefinite,
while H, is positive definite. Therefore, T} is a saddle point, and T, is a
local minimum.

(g) Stationary points:

v
—=6xy—-6x=0,
5, = 0%y —6x
v
— =3x>+3p° -6y =0.
ay X +oy y
First equation is equivalent to 6x(y —1) = 0 so we have either x = 0 or
y=1.
* Plugging x = 0 into the second equation we get 3y* — 6y = 0, hence
y=0o0ry=2.

* Plugging y = 1 into the second equation we get 3x*> —3 = 0, hence
x=—-lorx=1.

All in all, we have four stationary points: T;(0,0), T»(0,2), T3(-1,1), and
Ty(1,1).
The Hesse matrix of v is

6py—6  6x |
H,/(x,;u)=[ y6x 6y—6|

which, evaluated at Tj,..., Ty and denoted by Hy,..., H4 become

-6 0 6 0 0 -6] 0 6
le[o —6:|’H2:[0 6:|,H3:|:—6 0 ,andH4:[6 0:|

Now, H; is clearly negative definite, so T; is a local maximum. Also clear
is positive definiteness of Hj, so T, is a local minimum. The matrices H;
and H, are not definite, so T3 and T, are saddle points.

Solution to problem page Given a,b € R" let f(x) = (x"a)(x"b).

(a) The formula for f(x) can be rewritten as
f(x)=(x"a)(b"x) =x" (ab")x.

Therefore, from the formula a(x;?x) = xT(A + AT), we get

9 _ x'(ab" +ba"),
ox
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BAx

and, from the formula = A, we also get

;
ngf ax(gi) =(ab" +ba").

(b) One stationary point of f is 0, i.e., one of the solutions of f( )=0. (All

stationary points of f are determined by the nullspace N(abT +ba').)
Since a and b are orthogonal, i.e., a'b=b"a=0, we have

(abT + baT)a = ||a||2b,
(ab" +ba')b = ||b]|’a.

Let U be the vector subspace of IR" spanned by a and b. From the two
equalities above, we see that, restricted to U with the vector space basis
{a,b}, the Hesse matrix of f is represented by

0 [lall?
Ibl> 0 |’
2f

which has eigenvalues 1, ; = =|[a|||b]|. Hence, =7 is indefinite, since it
has a positive and a negative eigenvalue, so 0 is a saddle point. (Note that,

since the Hesse matrix ??T is constant, the whole nullspace N(ab' +baT)
consists of saddle points.)

Solution to problem page[19 We are trying to minimize the function
2 2 2
fx) =Ix—ay[|”+[x—apl|”+ -+ [x —agll*.

Note that ||x —a;||> = (x —a;)T(x - a;), so

aif _ T T T_ ‘ ,T
E_Z(X_al) +2(x—ap) +---+2(x—ay) _2(kx—;a1).

The stationary point of f (the solution to 3—£(x) = 0) is therefore

x=—(a;+a,+---+ag).

wl»—l

Note that the Hesse matrix of f is J; = 2kI (with n-fold eigenvalue 2k), which
is positive definite, so our statlonary point is in fact a (local) minimum.

Solution to problem page The problem is to find the extreme val-

ues of the function f(x,y) = 2x2 + y? constrained to the (closed and bounded)
domain given by 4(x — 1)? + y? < 16. We split this into two subtasks.

* Find the candidates for extreme values of f in the interior of the domain,
i.e., subject to strict inequality 4(x — 1)? + y? < 16. Extreme values of f
over the entire domain that are attained at interior points (and not at the
boundary points) must be local extrema of f.
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* Find the candidates for extreme values of f on the boundary of the do-
main, i.e., subject to equality 4(x—1)%+p? = 16. These will be determined
using the method of Lagrange multipliers.

Let’s start with the interior. Stationary points of f are solutions of the system

of

ox ~ =0
of o _
a_y‘zy‘o'

Clearly, x; = 0,y = 0 is the only solution of this system, i.e., T; (0, 0) is the only
stationary point of f. This point is contained in the interior of our domain
(since 4(0 —1)? + 0% = 4 < 16 holds).

Now the boundary. Let’s rewrite the equation 4(x — 1)?

+y2=16as

4(x-1)>+y>-16=0,

8(xy)

i.e., we have rewritten the constraint as g(x,y) = 0. The corresponding La-
grange function is

L(x,9,A) = f(x,9) - Ag(x,9) = 2x% +9” = A(4(x—1)> + p* — 16).

Candidates for extrema on the boundary are the stationary points of this La-
grange function. (Strictly speaking, we only need the x and y coordinates of
these stationary points.) Stationary points of L are solutions of the system

JdL

5:4x—8)\(x—1)20,
JdL
a—y—Zy—Z/\y—O,
JL _ 2, 2 _
ﬁ_—(él(x—l) +y°-16)=0.

(The last equation is, of course, equivalent to our constraint.) From the second
equation we get 2y(1 — 1) = 0, which impliesy =0or A = 1.

* The case y, 3 = 0 can be plugged directly into the third equation, and we
get (x—1)2=4orx, =—1and x3 = 3.

* Incase A =1 we get —4x = —8 from the first equation, or x4 5 = 2. Plugging
this into the third equation we have y2 =120r y45 = +24/3.

Summarizing, we have the following five points, which are candidates for
global extrema of f on our domain:

T(xy) | Ti(0,0) Ty(-1,0) T5(3,0) Ty(2,-2V3) T5(2,2V3)
fxy) | 0 2 18 20 20

The bottom row contains the values of f evaluated at corresponding stationary
points. Clearly, the smallest value, 0, is attained at T;(0,0), while the largest
value, 20, is attained at two points, T4(2,—2V3) and Ts(2,2V3).
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Solution to problem page[19 The first octant is defined by inequalities

x>0,9>0,and z > 0. So, along with x + vy + z = 5, we have four constraints.
We'll split the task into following subtasks:

* Find candidates for extrema in the interior of the triangle T. That means
extrema of g with respect to one constraint, namely x+y+z = 5. Addition-
ally, only candidates with x > 0, y > 0, and z > 0 should be considered.

* Find candidates for extrema on the edges of the triangle T. That means
extrema of g with respect to two constraints, x + y + z = 5 and one of the
planes x=0,y=0,0r z=0.

Let’s start with the interior of T. The Lagrange function is
L(x,9,2, ) = xp?2* = A(x +p +2-5).
Its stationary points are solutions of

aL—yzzz—Azo,

o =
%:2xyzz—A:0,
z_ny z-A=0,
JL

ﬁ:—(x+y+z—5):0.

From the first three equations we have y?z% = 2xyz? = 2xp®z. Since we only
need to consider candidates with x > 0, y > 0, and z > 0, we can safely ignore
the solutions with any of the x, y, or z equal to 0. Hence:

y?z? =2xyz?> . y=2x and
2xyz2 = 2xyzz Soz=y s z=2x

Plugging this into the equation of the constraint, we get 5x—5=0or x = 1. So,
Ty(1,2,2) is our first candidate.

We could define Lagrange functions with two Lagrange multipliers for each
of the edges of the triagle, but, due to the simplicity of the additional con-
straints, we don’t have to. Simply plugging x = 0, y = 0, or z = 0 into g will
simplify our task. A lot!

* If x =0, then g(0,v,2) = 0.
* If y =0, then g(x,0,2z) = 0.
* If z=0, then g(x,,0) = 0.

That means that g is constant (and 0) along all edges of the triangle T. At
Ti(1,2,2), however, the value of g is

¢(1,2,2)=16.

So, the largest value of g on T is 16.
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Solution to problem page[19 The equation

xz—xy+y2:3

represents the constraint in this task. The expression we’re trying to maximize
is ||| = 4/x% + 2. Dealing with square roots can be cumbersome, and we’ll see
that it’s preferable to maximize

fry)=x2+y?

instead. (N.b.: If v is a multivariate function, then every stationary point of v
is also a stationary point of v2. Why?)
So we rewrite the constraint

xz—xy+y2—3:0
and form the corresponding Lagrange function

Lx,y,A) = x? +y2 —/\(x2 - Xy +y2 -3).

Its stationary points are solutions of

JL

o =2x-A2x-p)=0,

oL

a—y_2y—/\(2y—x)—0,
oL :—(xz—xy+y2—3):0.

A

This system is a bit trickier. We can assume A # 0 (since A = 0 would imply
x=0and y = 0 from first two equations) and rewrite the first two equations as

l:2x—y and l:2}}_)(.
A 2x A 2y
Therefore
2x-y  2y-x 2 2 2 2
= - 2xp-29 =2xy-2 = = +x.
Tx 2 xy—2y Xy —2x x“=y° or y==x

Now we plug both cases of y = +x into the constraint (or the third equation).
* In case y = —x we have 3x2-3=0or X1, = =1,
. Incasey:xwehavex2—3:Oorx3,4:i\/§.

Let’s summarize with a table

T(xx) | Ti(-11) Tp(1L,-1) T5(=V3,-V3) Ty(V3,V3)
f(xp) | 2 2 6 6 '

The largest value in the bottom row is 6, so the points T3 and Ty are farthest away

from the origin (at a distance V6).
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Solution to problem page[19 As usual we prefer to maximize the square

of the distance from the origin rather than the distance itself. The Lagrange
function is
L(x,9,A) = x> + 2 —)\((x2+y2)2 -x3 —y3).

The system for the stationary points of L is:

JL 2, .2 2
$:2x—/\(4x(x +97)-3x ):0,
JL 2, .2 2
@:23}—/\(4y(x +v )—3}) ):0,
JdL
o= :—((x2+y2)2—x3—y3):0.

One obvious solution is (x,y) = (0,0). We can discard this solution (since this
is the origin itself) by crossing out one of the x and y factors in the first two
equations and then express the A variable in two ways

= 4(x2 + yz) —3x,

>N =

= 4(x? +9?) - 3y.

By identifying these two equations we get x = y (all this assuming neither x nor
y equals 0), and then the constraint gives us the equation

4x* = 253

with x = % as the only non-zero solution.

However, it is possible that only one of the variables equals zero and we
still get a valid solution. Assume x = 0 and y # 0. The constraint then reduces
to the equation

4_ .3
vy =7
which yields y = 1. We can then directly verify that (x,y) = (0,1) (with A = 2)
solves our system and is therefore a stationary point.

Similarly, assuming x # 0 and y = 0 leads to stationary point (x,y) = (1,0).

Out of the three non-trivial stationary points (%, %), (0,1) and (1,0) we see
that the latter two attain the maximal distance from the origin.

Solution to problem page[1%

(a) The extremal values of f can be situated either in the (strict) interior of
the disk or on its boundary and we consider both possibilities separately.
First, any extremal point in the interior of the disc must be a stationary
point for f. The system for the stationary points is

of
g—gﬁ-l—O,
a—f:x—I:O,

dy
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with solution (x,y) = (1,-1). We can verify that this point lies in the
interior of our disk but if we compute the Hesse matrix

Hf(x,lf)Z[(l) (1)]

we notice this is a saddle point not an extremal point (the eigenvalues
A1, = %1 are of opposite signs).
So the extremal points must be on the boundary of the disk, on the circle
x? +y? = 2. The relevant Lagrange function for the problem is

Lx,p, \)=xy—p+x—1-A(x*+y>-2)

and the system for the stationary points is

L
a_y+1—2/\x_0,
%:x—l—Z/\y:O,
dy

oL
ﬁ:—(x2+y2—2):0.

From the first two equations we express 21
1

1 _
2/\:y+ and 2/\:x
x Y

This leads to

= Lovy=xt -
By adding x? to both sides we get the identity
x2+y2+y =2x?—x
and considering the constraint x + y? = 2 this gives the expression
p=2x>—x-2.

By plugging this expression for y back into the constraint equation we
get an equation for x.

?+(2x?-x-2)2=2 - 2ax*-2x3-3x+2x+1=0.

This is a quartic equation which in general has quite complicated solu-

tions. Fortunately, we can guess two integer roots x; = 1 and x, = —1.

This means the polynomial is divisible by the factor x> — 1 and comput-
ing the polynomial quotient gives

2xt-2x3-3x% +2x+1

x?-1 B

which is the factor from which we can compute the remaining two roots

1+V3

X34 = 2 .

2x2—2x-1,

We summarize all four stationary points along with the function values
in a table
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Ty) | Ti-L1) Tp(1,-1) Ty(i58, =1V3) g1 -1,
flxy) | -4 0 I z
The minimum value of f is therefore attained at T}, while the maximal
value is attained at both, T3 and Tj.

(b) Comparing to Exercise (a), it is clear that any extremal points com-
puted in (a) that happen to lie in the half-plane x > 0 are also extremal
points for f on the half disk. We notice that T3 does indeed lie in the
half-plane x > 0 which means it is where the maximum of f on our
half-disk. The point T; however does not lie in the half-disk. Since the
minimum is not attained in the interior of the half disk nor the edge
x2 + y2 = 2, it must be on the edge with x = 0.

The Lagrangian function for f with the constraint x = 0 is

Lx,p,))=xy—-yp+x—-1-Ax

The system for the stationary points is

L
a——y+1—/\:0,

dx
JL
a—y—x—l—O,
JL
- =0

This is a contradictory system which means f has no stationary points
on the (whole) line x = 0 (this is also clear directly since f(0,y) = -p).
The last possibility is that the minimum is attained on the edge of both
the circle x? + y2 = 2 and line x = 0, i.e., the ‘corner’ points T5(O,—\/5)
and Tg(O0, \/f). The values of f at these points are \/5— 1and —V2-1
respectively, which means the minimum value of f on our half-disk is
achieved at the Ty ‘corner’ point of the half-disk.

Solution to problem page[20} In this task, the equation of the ellipsoid,

rewritten as

x? y? oz

— L — =
az b2 2

22
1=0,

represents the constraint. An inscribed box with vertices on this ellipsoid has
edges of length 2x, 2y, and 2z.

(a) The inscribed box has volume V(x,v,z) = 2x -2y - 2z = 8xyz and this is
the function we’d like to maximize with respect to the constraint above.
The corresponding Lagrange function is

2 2 2
L(x,y,2,A) =8xyz—/\(z—2+§_2+i_2_1).
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~

The system that determines the stationary points of L is:

JL 2Ax

528}12—“—2:0,

JdL 2y

= _gxz- 22 =0,

dy b?

JL 2]z

Z:Sxy— =0,
L (x* p* Z? B
- \ateta =0

Multiplying the first three equations with yz, xz, and xy respectively,
and then rearranging we obtain

4a*y?z* = Axyz,

4b%x%2% = Axyz,
4c’x%y? = Axyz,

and, ignoring cases with x =0, y = 0, or z= 0 (Why?), we deduce

Pluging this into the constraint we get

2 2 2
y

x z
3-a—2:1,3-ﬁ:1,and 3'C—2:1,
. Ignoring the signs (and solutions

to 0), we deduce that

: b
ie,x=+4%, yp=4+—-, and z =+
’ Vi YT A

5
5

with any of the edge lengths equa
v ( a b ¢ ) _ 8abc
V3' V3 V3 3v3
is the largest possible volume of the inscribed rectangular box.
We just need to replace the function to maximize, in this subtask it is

S(x,v,2) =2x-2y+2x-2z+ 2y -2z = 4(xy + x2 + y2).

As we will see, we are now presented with a slightly more formidable
problem. Anyway, let’s see how long we can consider this in full gener-
ality. The Lagrange function becomes

X2 3]2 22
L(x,y,z,/\):4(xy+xz+yz)—/\(a—2+ﬁ+c—2—1).
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Its stationary points are solutions of

dL 2Ax
5—4( +Z)—a—2—0,
dL 2y
a—y—4( Z)—F—O,
JdL 21z
Z—4(X+y)—c—2—0,

L (x* p* Z? B
ﬁ__ a—2+ﬁ+c—2—l =0.

. . . . 2 32 2
Now, we multiply the first three equations with “7, %, and %, respec-
tively, to obtain

2a2(y +2z)= Ax,
202 (x+2) = Ay,
23 (x+9) = Az

This is now an eigenvalue problem. Namely, setting

0 242 242 X
A=[202 0 22| and x= v,
2¢2 220 z

the above system becomes Ax = Ax. The characteristic polynomial of A
is
det(A—AI) = —A3 + 4(a?b? + a’c? + b?c?)A + 16a%b> 2.

This is a so-called depressed cubic (it has no A? term) and while its zeros
can be directly expressed via Cardano’s formulae, we rather consider an
ellipsoid of revolution, i.e., simplified case c = b. The above characteris-
tic polynomial then becomes

det(A—AI) = —A3 +4(2a%b% + b*) A + 16a%b*.

It is now (almost) obvious that A; = —2b? is one of its zeros. To obtain
remaining two zeros we first divide det(A — AI) by A + 2b%:

13 212, pé 24
A +4(2a/l\7++2l;2)/\+16a b 2 o as 80202

The zeros of this quadratic polynomial are
Ay = b%+V8a2b2 + b4,

Now that the possible A’s are known, let’s determine x = [x, y,z]T. Those
would be the eigenvectors of A subject to the ‘normalization constraint’

xZ })2 22

4242 -

+5+
a? b2 b?
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e Start with A; = —2b%. We have (assuming a = b)

202 242 247 1 0 0
202 2% 282 ~|0 1 1],
0 0 0

202 2b% 2b2

A-NI=

hence x = z[0,1,~1]" for arbitrary (free variable) z € R. That won’t
produce a solution of interest, since x = 0.

* Next one is A, = b? + V8a2b? + b%. We get

(b2 — V84202 + b4 24? 24?
A=Al = 2b? -b? - V8a2b? + b* 2b?
| 2b? 2b2 —b? - V8a2b? + b*
10 1(1—J8§+4)
~lo 1 -1 :
00 0

Therefore, a general eigenvector corresponding to A, is

1 2
5( 82—2'1'1—1)

1

for arbitrary z € IR. A little more work shows that z which respects
N .
the constraint Z_Z + 3;—2 + Z—2 =1is

ab V8a2b2 + b4 — 2

z2=———,where y=

\y2b? + 242 Y 2p?
We will not continue to express x in full, but it is already clear that
x=[yz, z,z]T. Hence

8y +4)a’b?
“V%%ﬂ=47f+47¥+4¥=z%87+4r:%%57%57
OO eyl
¢ The third and final case is A3 = b2 — V842b2 + b%. Now we obtain
TIPSR o
A-A3l = 2b? —b2 +V8a2h2 + b4 22
2b? 202 b2+ VBB B
1 0 %(1+J8g+1)
~l1o 1 -1 .
[0 0 0

Repeating the rest of analogous steps as for A, one would obtain
S(yzz,2) = b> — V8a2h? + b*

which is clearly a negative number. (This time y =

_V8a2b2+b%+b? )
252 :
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In conclusion, the largest attainable surface area for a rectangular box
inscribed inside an ellipsoid of revolution is

S =b%+V8a2b2 + b4,

(We will not explicitly express the side lengths of this rectangular box,
but an enthusiastic reader may well do so.)

A comment: Relying on intuition can sometimes fail. A sphere is a
special case of an ellipsoid (the one with ¢ = b = a) and intuition would
say that the inscribed box with the largest volume or surface area is a
cube with side length \2—% (Which is correct!) Stretching the sphere
produces an ellipsoid and stretching the cube produces a rectangular
box. Now, intuition might say that we simply need to stretch the cube
which maximizes volume and surface area. The resulting volume and
surface area for an ellipsoid of revolution (c = b) would then be

2 2
:8ab and S:8ab+4b ‘
33 3

While the formula for the maximal attainable volume is correct, the one
for maximal attainable area is false!

1%

Solution to problem page[20} Denote the lengths of the edges of this box

by a, b, and c. Since we assembled the box frame from a rod of length ¢, we
must have 4a + 4b + 4c = ¢. This is our constraint.

(a) The volume of the box is V(a,b,c) = abc, and this is precisely the func-
tion we must maximize, subject to the constraint above. Let’s rewrite
the constraint as

4da+4b+4c—-€=0

and form the Lagrange function
L(a,b,c,A) =abc— A(4a+4b+4c—{).

The stationary point of L are solutions of the system

%:bc—él)\:o,
%:ac—él)\zo,
%:ab—él/\zo,
% =—(4a+4b+4c-0)=0.

We quickly gather from the first three equations that bc = ac = ab holds.
While we could safely ignore the solutions with any of the 4, b, or ¢ equal
to 0, let’s be strict (once) and find all solutions to this system.

If a = 0, then we must have A = 0. (Consider either the second or the
third equation.) Now, from the first equation (and since A = 0) we must
have either b=0or ¢ = 0. Ifb:O,wehavec:g,ifc:o,wehaveb: g.
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There’s nothing special about starting the reasoning above with ‘if a = 0.
The conclusion has the same form: Any solution with one of the 4, b, or
¢ equal to 0, will force A = 0, two of the a, b, and ¢ equal to 0, and the
remaining one equal to %. These (a,b,c, 1)-solutions are

(£,0,0,0), (0,%,0,0),and (0,0, £,0).

They are also not the ones that interest us—the volume of the resulting
(degenerate) box is 0, i.e., these solutions represent the minima.

So let’s assume that none of the 4, b, c are equal to 0. Then, from bc =
ac = ab, we deduce that b =a and c = b, i.e., a = b = c. Plugging this into

the constraint, we get a = % and

()
1212"12) \12
is the largest possible volume of such a box frame. So the box frame

with largest possible volume we can assemble from a rod of length ¢ is
in fact a frame of a cube.

The additional restriction is in fact an additional constraint, ab = A must
hold. We’ll rewrite this as ab — A = 0. The Lagrange function will now
depend on two Lagrange multipliers, we’ll denote them by A and p:

L(a,b,c, A, p) = abc— AM(4a+4b + 4c—€) — p(ab—A).

We now solve the system:

%:bc—zb\—yb:o,
%:ac—él/\—yazo,
%:ab—élx\:o,

% =—(4a+4b+4c-¢)=0,
g—’ﬁ =—(ab-A)=0.

From the third equation we have 41 = ab, and replacing 41 with ab in
the first two equations we get

bc—ab-ub=0 .. blc-a-pu)=0,
ac—ab—pa=0 .. a(c-b-pu)=0

We're assuming that A > 0, and, since ab = A (from the fifth equation),
a=0and b= 0. Hence,

c—a-u=0,
c-b-u=0,

which implies a = b. From the second constraint we now get a> = A or
a = VA. (We ignore the negative solution, since the length cannot be
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negative.) To finish, we use the first constraint (the fourth equation in
our ‘Lagrange system’) to get 8VA+4c=Corc= g— 2VA. The maximum
possible volume in this case is therefore

V(\/Z,\/Z,E—ZN/Z):A-(Z—Z\/Z).

The solution is, in a sense, expected. We obtained a box with base rect-
angle a square with side length VA, the remainder of the rod length is
then used for four vertical edges.

Solution to problem page This is similar to the previous exercise.
Denote by a the side length of the base equilateral triangle and by 4 the prism’s
height. The volume of such a prism is

a’hv\3

Viah) = —=,

2
Alah) =2 2‘/5 + 3ah.

and its surface area is

Having ¢ meters of the rod available, means that 6a + 3h = £. That will be our
constraint.
(a) We need to maximize V with respect to the constraint. The Lagrange
function is

2
La,hA) =2 ;;\/5 —A(6a+3h-0).
It stationary points are solutions of
JdL
aL_ani o
da 2
L a?
IL_aV3 4y,
oh 4
JdL
—=- h-¢€)=0.
31 (6a+3h—-¢)=0
Let’s multiply the first equation with 2 and the second one with 4 to get
ahV3-121 =0,
a®V3-121 = 0.
From this we get
ah=a®> . ah—-a*>=0 . a(h-a)=0.

Ignoring the solutions with a = 0, we get h = a. (The reader is invited to
consider the solutions we just ignored. What do they represent?) Hence,
from the constraint, we get 9a—¢ =0ora=h = g. That means that we
need to cut up the rod into 9 pieces of equal lenght, and the resulting
maximal volume is

V( t ¢ ) V3

5'9) " 795"
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(b) We now need to maximize A with respect to our constraint. The La-
grange function is

L(a,h,A) =

2
2 2‘/5+3ah—1(6a+3h—€).

It stationary points are now solutions of

%:a 3+3h-61=0,

da

JL

i =3a-31=0,
JL
25 =—(6a+3h-0)=0.

Note that A = a from the second equation, and, plugging this into the
first equation, we get

aV3+3h-6a=0 .. 3h=(6-V3)

Substituting that instead of 3/ into the third equation, we have

¢ 12+V3
6a+(6-V3)a—€=0 a= = ¢ =0.09739¢,
( ) 12-v3 141
and
3h= (6-V3)C h= (6-V3)C _ 23_2\/§€£0.13855€.

12-v3 7 3(12-+3) 141

The reader is invited to evaluate the resulting maximal attainable area.

Solution to problem page[20

(a) We'd like to find extreme values of the function f(x) = a"x subject to the
constraint ||x|| = d. We first rewrite the constraint as

IxI[>=d*> - |xP-d*=0 . x'x-d’=0
S———
gk
and set the Lagrange function as

Lix,A) = f(x) - Ag(x) = a'x-A(x"x—d?).

The stationary points of L are again the solutions of the system

JdL ¢ T
_Bx_a -2Ax' =0,
JL ¢ 2
—a/\_—(x x—d°)=0.

It follows from the first equation that a = 2.1x, i.e., x and a are parallel.
Let’s write this as x = @a and plug it into the second equation:

d? d
Loa=t—

2.7 2 2
a‘a'a-d =0 .. a‘'=—= ..
[lal|? [EY
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Hence, vectors x, at which extreme values of f are attained, are
d
X=-—aa=+—a,
llal|

and these extreme values are

f( + H%Ha) _ aT( N ”j—”a) — +d|jall.

(b) Extreme value of the expression a'x (the dot product of a and x) on
the sphere with equation |[x|| = 4 will be attained precisely when x is
parallel to a.

Solution to problem page |20

(a) Let’s rewrite the constraint as ||| = d? or x'x —d? = 0. The Lagrange
function corresponding to our problem is

L(x, ) =x"Ax - A\(x"x —d?).

Its stationary points are, as usual, the solutions to the system

oL =x"(A+AT) -2Ax" =0,
Jx
J ¢ 2y _
ﬁ——(x X—d )—O

Note that the first (system of) equation(s) can be rewritten as

A+ AT
X = AX,
2
. . . T . . .
i.e., x is an eigenvector of A+2A (and A is the corresponding eigenvalue).

(Since % is symmetric, its eigenvalues and its eigenvectors are real,

i.e., A € Rand x € R".) Another thing to notice is

A+ AT 1 1
xT( il ) == (xTAx + xTATx) = . 2x'Ax=x"Ax = f(x).
2 2 2
So, for an eigenvector x of A+2AT with ||x|| = d, we have
A+AT
f(x):xT( il )x:xTAx:/\dz.

Finally, the extreme values of f subject to ||x|| = d can be identified as

Amaxd? and Apind?, where A, and A, are the largest and the small-

; A+AT :
est eigenvalues of =55, respectively.

(b) Now the constraint is x' Ax = d?, which we rewrite as x' Ax —d? = 0. For
the Lagrange function we have

L(x,p) = x'x— y(xTAx -d?).
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(The decision to denote the Lagrange multiplier by y will become clear
later.) Its stationary points are solutions of

% =2x' - 2yxTA =0,
g—i =—(x"Ax-d?) =0.

(We used the fact that A is symmetric when evaluating the first deriva-
tive.) Rewriting the first equation as

1
Ax = —X,

I
we see that i must be an eigenvalue of A, with x the corresponding

eigenvector. (Note that ’% makes sense as an eigenvalue of A, since A is

a definite matrix.) From the second equation (the constraint), we now
obtain

1
x Ax=d? - XT(;X):dZ o |xIP = pd? or f(x) = pd?.

Hence, denoting the smallest and the largest eigenvalues of A by A,
and A, ,4, respectively, we have that

d2
/\min
d2

/\max

is the largest value attained by f, and

is the smallest value attained by f.

(We used that A = % for an eigenvalue A of A, and also the fact that the
eigenvalues of A are positive.)

Solution to problem page[21}

(a) The inequality ||x — p|| < d determines the closed R"
ball of radius d centered at p. We split the solution
into two subtasks: extrema in the interior (deter-
mined by |[x—p|| < d) and extrema on the boundary
(the sphere determined by ||x — p|| = d).

)
lIx-pll<d

* The interior: This is easy, the only stationary point of f is x = 0 and
this is a candidate if and only if ||p|| < d, i.e., 0 is actually contained
in the interior.

* The boundary: Write the constraint as
Ix-pll=d .. lx-pl’~d>=0 . (x-p)'(x-p)-d*>=0,
and let’s set up the corresponding Lagrange function

L(x,A)=x"x— /\((x—p)T(x—p)—dz).
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Now,
JdL 1 T T _ T
X—Zx -A(2x' -2p')=0",
JdL P
5y = ~(Ik=pl*-d?) = 0.

The first equation implies that (2 -2A)x = -2Ap, i.e., x and p must
be parallel. Let’s write this as x = ap for some « € R and plug this
into the second equation
d d
lep-pll=d .. l(a-Dpll=d .. |o-ll=7—= . a=1lt—:.
PP a-tp ol ol

Hence,

d
=(1£—|p,
( ||p||)p

which should be the expected solution.
Finally, if ||p|| < d, then the minimal value of f is attained in the interior
at 0, and is f(0) = 0. In case ||p|| > d, the minimal value of f is attained
on the boaundary at (1 - ”%H)p, and is equal to |[p||* + d% - 2d|lp||. (As a

sanity check, notice that in the boundary case ||p|| = d that last expres-
sion is 0, as it should be.)

The equation Ax = b determines an affine subspace R"
of R". The appropriate Lagrange function now is

L(x,A)=x"x—AT(Ax—D). j

(Note that A is now a column vector, with each Ax=b
component corresponding to one of the boundary
conditions!) Its stationary points are solutions of

dL

—=2x"-ATA=0",
ox

JL

ﬁ = —(Ax—b) = 0

From the first equation we have x = %AT/\. We plug this into the second
equation to get

1
—AATA=b.
2

If we assume that A is of full rank (so that AAT is invertible), we can
-1
express A =2 (AAT) b, and therefore

X = %AT)\ - AT(4A") b,

(In general, i.e., for non-full rank matrices A, the solution is x = A*b,
where A" is the Moore-Penrose inverse of A.)
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Finally, the minimal value of f on that affine subspace is
f (AT (AAT)_I b) =b" (AAT)_I AAT (AAT)_l b=b' (AAT)_I b

for the case when A is of full rank. (That —1 superscript needs to be
replaced by a + superscript for A which is not of full rank.)

Let’s consider the boundary case first, i.e., we min- R"
imize f(x) = |[x||> with respect to |x — p|| = d and
Ax =b. The Lagrange function is \
T 2_ 32 T !
Lx,p, A) =x' x—p(|lx-p|l“-d°) - A" (Ax-b). Ix-pll<d
Ax=Db
Its stationary points are solutions of the system

dL _ 1 T 2Ta_qf
g_Zx —2u(x-p) —A'A=0',
JL _ 2_ 2y
o= ~llx=plP =) =0,

oL
ﬁ——(AX—b)—O.

Let’s start: From the first equation we get

AT N
(2-2ux=A"A-2up .. x_m(A /\—Zyp).

A side note: This last expression is not well defined if y = 1. The case
u =1 implies that the first equation of the ‘Lagrange system’ does not
depend on x. (The first equation simplifies to 2p—ATA = 0.) That means
that x is only determined by the second and the third equation which
describe a sphere in the affine subspace given by Ax = b. If that whole
sphere consists of stationary points of f(x) = |[x||?, i.e., f is constant on

that sphere, then the origin of that sphere is the orthogonal projection

of 0 onto the affine subspace Ax = b. (Namely, the origin of the sphere
-1
is given by p = A*b = AT (AAT) b.) It is clear that in this case the

minimal value of f is attained at that origin, i.e., in the interior of the
ball bounded by that sphere and not on the boundary sphere itself.
So, assuming p = 1 we plug x from above into the third equation to get

A(ATA-2pup)=(2-2pmb .. AATA=(2-2p)b+2uAp,

hence .
A=(AAT) " ((2-2p)b+2pAp).
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Now we plug this into the expression for x and obtain

1
2-2yu

X

(47((447) " (2- 2000 + 2p04p)) - 20p)

-1
-5 ((2 ~2)AT(AAT) b+ 2u(ATAp - p))
= AT(AAT) b+ 1L(ATA—1)p

= AT(AAT) 'b+a(ATA-D)p,

U

where we introduced a = 1= in the last line. Finally, we use the con-

straint |[x — p||?> = d2. Plugging the above expression for x into it and
rearranging we obtain a quadratic equation for a, namely

a’p (ATA-I)’p+2a (p"ATb—pTAT(AAT) 'b-p"(ATA-I)p)+
+b (AAT) b —2p"AT(AAT) b+ p'p-d® =0

Solving this equation for @ and plugging the solution into our expres-
sion for x, we finally obtain the points, at which extreme values of
f(x) = x"x are attained. Conveniently, we leave that task to the reader.
A final case to consider: f attains its minimal value at a point in the
interior of the ball |x—p|| < d within the affine subspace Ax = b. This can
only happen if the orthogonal projection of 0 onto Ax = b is contained
in that ball, i.e., if ||[A*b — p|| < d. In that case, the minimal value is the
same as in part (b) of this task.
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